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Nash equilibrium in duopoly with products
defined by two characteristics

Nicholas Economides*

This article analyzes the analogue of Hotelling’s duopoly model when products are defined
by two characteristics. Using the assumptions of the original model of Hotelling, we show
that demand and profit functions are continuous for a wide class of utility functions. When
the utility function is linear in the Euclidean distance in the space of characteristics, a non-
cooperative equilibrium in prices exists for all symmetric locations of firms. This is in contrast
to the result in the one-characteristic model where a noncooperative equilibrium exists only
when products are very different. The noncooperative equilibria are calculated and fully
characterized. In contrast with the one-dimensional model of Hotelling, where equilibrium
prices were constant irrespective of distance (of symmetric locations), here equilibrium prices
tend to zero as the distance between products approaches zero.

1. Introduction

® Hotelling (1929) pioneered the study of models with differentiated products defined by
their characteristics. He examined a duopoly with each firm’s producing a distinct product
differentiated by a single characteristic. Assuming a specific utility function and a uniform
distribution of preferences, Hotelling analyzed the existence of a Nash equilibrium in prices,
given fixed varieties. D’Aspremont et al. (1979) have proved that, in the original model of
Hotelling, no Nash equilibrium in prices exists unless the products offered are relatively far
apart. The reason is that for relatively close products it pays each competitor to undercut
his opponent and to capture the whole market. This tendency is stronger, the closer are the
products offered. Once the best reply involves undercutting, no Nash equilibrium exists.

Several variations of Hotelling’s one-characteristic model have arisen that attempt to
deal with the problem of existence of equilibrium. Novshek (1980) assumed that once a
firm is undercut, it will react by cutting prices—thereby violating the zero-conjectural vari-
ation rule. Salop (1979) showed that undercutting is suboptimal when firms are located
symmetrically on a circumference, because the undercutting price is equal to marginal cost.
Economides (1984) showed that the region of existence of equilibria widens when a finite
reservation price is imposed on Hotelling’s model. D’Aspremont et al. (1979) and Econ-
omides (1986) have shown that the region of existence of equilibrium is enlarged when the
convexity of the utility function in the space of characteristics increases.

* Columbia University.

I thank Costas Callias for helpful discussions and Andreu Mas-Colell for excellent advice. I am especially
thankful to the Editorial Board for comments and editorial assistance. Financial support from the National Science
Foundation is gratefully acknowledged.

431



