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Abstract

In a call center, there is a natural trade-off between minimizing customer wait time and
fairly dividing the workload amongst agents of different skill levels. The relevant control is
the routing policy; that is, the decision concerning which agent should handle an arriving call
when more than one agent is available. We formulate an optimization problem for a call center
with two heterogeneous agent pools, one that handles calls at a faster speed than the other, and
a single customer class. The objective is to minimize steady-state expected customer wait time
subject to a “fairness” constraint on the workload division.

The optimization problem we formulate is difficult to solve exactly. Therefore, we solve
the diffusion control problem that arises in the many-server heavy-traffic QED limiting regime.
The resulting routing policy is a threshold policy that prioritizes faster agents when the num-
ber of customers in the system exceeds some threshold level and otherwise prioritizes slower
agents. We prove our proposed threshold routing policy is near-optimal as the number of
agents increases, and the system’s load approaches its maximum processing capacity. We fur-
ther show simulation results that evidence that our proposed threshold routing policy outper-
forms a common routing policy used in call centers (that routes to the agent that has been idle
the longest) in terms of the steady-state expected customer waiting time for identical desired
workload divisions.
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1 Introduction

Server heterogeneity is ubiquitous in large-scale service systems. Even when customers are ho-
mogeneous in their service requests, different employees have different skill levels, and handle
customer requests at different speeds. For example, experienced employees on average process
customers faster than newly hired employees, as was empirically shown in [30] and [24].

A natural question arises in service systems with heterogeneous servers: when a customer
arrives, and more than one server is available, which server should serve him? Of course, the
customer prefers the fastest available server. However, if faster servers always receive priority, then
the faster servers will experience a heavier workload than the slower servers. In fact, as the number
of servers becomes large and the arrival rate approaches the service capacity, the faster-server-first
(FSF) policy asymptotically minimizes expected customer waiting time but also asymptotically
only allows slower servers to idle [2]. Hence prioritizing faster servers does not evenly distribute
idle time between servers.

Do service organizations care that the FSF policy is unfair to the faster servers? First, it is
generally acknowledged in the organizational behavior and human resource management literature
that perceived injustice amongst employees leads to low employee satisfaction and hampers perfor-
mance; see for example [16] and [15]. Furthermore, high employee satisfaction implies increased
employee retention, and [46] shows that increased employee retention improves service. Finally,
the appeal of additional idle time for relaxation may provide faster servers with an incentive for
slowing their service rate, which would increase customer waiting times.
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Figure 1.1: The inverted-V model.

Call centers provide a strong motivating example of a service organization that cares about
the issue of server fairness. In particular, many call centers follow a longest-idle-server-first (LISF)
routing policy; that is, newly arriving calls are routed to the server that has experienced the longest
idle time. The LISF policy is “fairer” than the FSF policy in the following asymptotic sense. Con-
sider the inverted-V model (first introduced in Armony [2]) shown in Figure 1.1, with exponential
inter-arrival and service times, two server types distinguished by their service rates p, k = 1,2,
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Figure 1.2: A comparison of the performance of the threshold, LISF, and FSF policies for N; =
Ny =100 and 1 = 1.

and V; servers of each type. For this system, the proportion of idleness experienced by servers of
type k is asymptotically Nypx/(Nypy + Nopz) as the number of servers becomes large, and the
arrival rate \ approaches the service capacity [5]. In particular, idleness is shared proportionally
among the two server pools.

The question that then arises concerns the performance of the LISF policy as measured by
expected customer waiting time. Specifically, how much longer is expected customer waiting time
under the LISF policy as compared to the FSF policy? Furthermore, does another policy exist that
achieves the same server idleness proportion as the LISF policy, and also has a lower expected
customer waiting time? Intuitively, in the case of two server types, a threshold policy that routes
according to a FSF policy when the number of customers in the system is large (i.e., above some
threshold level), and routes according to a SSF (slower-server-first) policy when the number of
customers in the system is small (i.e., below some threshold level), should have a lower expected
customer waiting time than the LISF policy when the threshold level is set in order to achieve the
same server idleness proportions.

Figure 1.2 (a) and (b) present the results of a simulation study that compares steady-state
expected customer waiting time under the threshold and LISF policies. The system simulated
has parameters N; = Ny = 100 and p; = 1. The speed at which the faster servers serve fis
is varied, and the arrival rate A was adjusted according to the asymptotic regime of [5]. The
performance of the FSF policy is presented for comparison purposes. We record the mean number
of customers waiting and the mean slow server idleness proportion for 100 runs, where each run
has a 100,000 arrival “warm-up” period (in which statistics are not recorded), and then 500,000
subsequent arrivals (for which statistics are recorded). We then report the average of the number
of customers waiting and the mean slow server idleness proportion over the 100 runs.



Notice in Figure 1.2(a) that the expected waiting time under the threshold policy is consis-
tently lower than under the LISF policy. Specifically, for the higher values of 1, the expected
customer waiting time is approximately 5-6% higher under the LISF policy as compared to the
threshold policy. (In comparison to the FSF policy, the expected customer waiting time under the
threshold policy is approximately 20% higher.) Furthermore, as displayed in Figure 1.2(b) the slow
server idleness proportions for the threshold policy and the LISF policy are approximately equal
(within 0.02), whereas under the FSF policy the slow servers experience over 90% of the total idle
time. In other words, the simulation study supports the intuition that a threshold policy can both
have a better performance that the LISF policy and achieve the same server idleness proportions.

Our objective in this paper is to find a policy that minimizes the steady-state customer waiting
time subject to any given fairness constraint on the slow server idleness proportion. (There is no
reason to restrict ourselves to the idleness proportions attained by the LISF policy.) Such a problem
is very difficult to solve exactly. Therefore, noting that call centers generally have a large number of
agents and operate in a regime in which the arrival rate and service capacity are close, we consider
the many-server heavy-traffic regime first appearing in [20], and formally introduced in Halfin and
Whitt [32]. The diffusion control problem that arises in this regime is analytically tractable, and
we solve this explicitly to find that a threshold control is optimal for the diffusion control problem.
We then propose a threshold policy for the original setting using the threshold parameters obtained
from the diffusion control problem. However, proving the asymptotic optimality of this policy
is difficult due to the existence of a discontinuity in the infinitesimal drift. Therefore, we define a
notion of e-asymptotic optimality, and prove that a continuous adjustment of the proposed threshold
policy is e-asymptotically optimal.

The remainder of this paper is organized as follows. We first review relevant literature. In
Section 2, we present our basic model formulation. We construct and solve an approximating
diffusion control problem in Section 3. In Section 4, we propose a family of policies based on
the solution to the approximating diffusion control problem whose performance is provably near-
optimal as A grows large. Finally, we make concluding remarks in Section 5.

Due to the technical nature of our results, our approach in their presentation is to state them
formally and precisely in the body of the paper, but to have the formal proofs appear in a technical
appendix [4].

1.1 Literature Review

Inter-server fairness

Fairness in queueing systems has been a topic of interest to researchers and practitioners alike
for a while. Especially, the fairness among flows in telecommunication and computer networks has
gotten a lot of attention over the years. More recently, researchers have studied fairness in queues



from the point of view of individual customers. Two recent overviews of this line of research
are [9] and [47]. Interestingly, fairness among servers in multiserver queueing systems has gotten
relatively little attention in the literature. This is surprising given the strong indication that fairness
matters to organizations due to its effect on employee performance and overall satisfaction as
evident by the HRM literature (e.g. [16, 15]) and the practice at many call centers to use fair
policies such as the Longest-Idle-Server-First. Two papers that do address this issue are [48]
(in the context of bandwidth allocation in telecommunication networks) and [14]. Cabral [14]
examines the question of which servers work more in a heterogeneous server system with equally
likely random customer-server assignments among idle servers. The author in [14] shows that, in
a comparison between any two servers, the faster server is idle for a greater fraction of the time.
He also shows that the effective service rate is higher for the faster server.

The slow server problem

Heterogeneity among servers has brought researchers to ask the following two questions: a)
When is it optimal to remove the slowest server from a queueing system, to minimize the mean
sojourn time in the system (e.g. [41], [13]), and b) Given a set of heterogeneous servers, how to
dynamically route customers to servers in order to minimize the mean sojourn time (e.g. [37], [38],
[42] and [18]). Both these problems have been coined the slow server problem. For a while, only
results for the two-server system have been published (e.g. [41],[38]) , but recently results for the
general heterogeneous multi-server system have appeared ([13], [18]). Note, though, that the latter
problem for the general multiserver case is still open [19].

Inverted-V and asymptotic analysis

The difficulty in identifying optimal controls for the general heterogenous server problem
has prompted researchers to examine this question in various asymptotic regimes. For example, in
the conventional heavy traffic regime, for a two server system with two queues, in which routing
decisions must be made at the time of each arrival, [21] shows that shortest-expected-delay-first
routing is asymptotically optimal, and [43] identify necessary and sufficient conditions for a thresh-
old priority policy to be asymptotically optimal.

More recently, heterogenous server systems have been studied in the many-server heavy-
traffic regime commonly referred to as the Halfin-Whitt regime [32] or the QED regime [23]. In
this regime the arrival rate and the number of servers grow to infinity according to a square-root
safety staffing rule. This rule has been shown to be asymptotically optimal in various settings ([11],
[39], [26]), including the inverted-V model [3].

Several papers have examined the question of dynamic control for the inverted-V system in
the QED regime. These include [2], [44], [5], [8] and [3]. With the exception of [5] none of those
deals with the inter-server fairness issue. Armony [2] shows that the faster-server first (FSF) policy
is asymptotically optimal in the sense that it asymptotically minimizes the expected steady-state
waiting time and delay probability. These results have been extended to an inverted-V system with



abandonment in Armony and Mandelbaum [3]. Tezcan [44] examines a similar control question
with service times that are hyper-exponential. The author shows that while a priority type policy is
still asymptotically optimal the actual priorities depend on other factors beyond the mean service
time.

Recently Atar [5] has established that both the FSF and the LISF policies exhibit state-
space collapse in the QED regime, even in settings where the service rates are random. Loosely
speaking, state-space collapse implies that the system dynamics can be described in the limit by a
lower dimensional process than the original process. In [5] the state-space collapse is into a one-
dimensional process. Interestingly, according to [5], if the LISF policy is applied in our setting
the diffusion limit may be described by a fixed ratio policy in which the fraction of idle servers of
each pool is fixed over time. This suggests that LISF is indeed more fair that FSF. Most recently,
Atar and Shwartz [8] have shown that in an environment where service rates are heterogeneous
and unknown, it is sufficient to take a very small sample of service times to come up with a routing
policy that is asymptotically optimal.

Beyond the control problem for the inverted-V problem, there is a growing body of literature
that deals with dynamic control of multiclass parallel server systems with heterogeneous servers.
This problem is often referred to as skill-based routing. Recently, it has been shown by Gurvich
and Whitt [28, 29] that if a general multiskill system has service rates that are server dependent
(i.e. they are independent of the customer class) then the system can be reduced to an inverted-V
system. Gurvich and Whitt propose a general Fixed-Idleness-Ratio (FIR) policy and prove that the
system exhibits state-space collapse under this policy. Moreover, they show that if the ratios are
appropriately chosen then FIR is asymptotically optimal in minimizing convex delay costs. The
e—threshold policy that we propose in Section 4.2 turns out to be a special case of the FIR policy.
We utilize this fact in proving some of our results. Interestingly, our proposed Threshold policy is
not a special case of FIR due to its discontinuous nature.

2 Model Formulation

Consider a service system with a single customer class and two server types (each type in its own
server pool), both capable of fully handling customers’ service requirements. Service times are
independent and exponential, and the average service time of a customer served by a server from
pool k (k = 1,2) is 1/uy. There are Ny, servers in pool k, and N = (N7, Ny) denotes the staffing
vector. (Here and elsewhere, ¥ is used to denote a vector whose elements are xq,xs,...). We
assume (1 < fi2, meaning the faster servers reside in pool 2.

Customers arrive to the system according to an independent Poisson process with rate \. We
assume the following necessary condition for stability is satisfied:

Nipy + Nopig > A, (2.1)
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that is, the total service capacity is larger than the arrival rate. Delayed customers wait in an infinite
buffer, and are served according to a FCFS discipline. Customers that arrive to a system in which
both pools have idle servers must be routed to a specific pool. We would like to route customers
in a way that minimizes their steady-state expected waiting time subject to a fairness constraint on
the steady-state fraction of idleness experienced by each server pool.

Denote by 7 := 7(], N ) a policy that operates in a system with arrival rate A and staffing
vector N (at times we will omit the arguments A\ and N when it is clear from the context which
arguments should be used). Let ¢ > 0 be an arbitrary time point. We denote by Z(t; 7) the number
of busy servers of pool k (k = 1,2) at time ¢, and ()(¢; 7) the queue length at this time. Also, let
X (t; m) be the total number of customers in the system. That is,

X(t;m) = Zi(t;m) + Zo(t; ) + Q(t; ).
Finally, let W (¢; 7) be the virtual waiting time at time ¢, and let
In(t;m) = N, — Zy(t; )
be the number of idle servers in pool k, k£ = 1, 2, with
I(t;m) = Li(t; ) + ()

the total number of idle servers. We use ¢ = oo whenever we refer to the steady-state. Also, we
omit the time argument when we refer to the entire process. At times, we will omit 7 if it is clear
from the context which routing policy is used.

Definition: A policy 7 is called work conserving if there are no idle servers whenever there are
some delayed customers in the queue. In other words, 7 is work conserving if Q(¢; ) > 0 implies
that 7, (t; ) + Zy(t; m) = N, where

N := Ny + Ny

is the total number of servers.

Note that in general a 3-dimensional vector is required to specify the state of the system,
namely, (Q(t; ), Z1(t; ), Zo(t; 7)). However, for work conserving policies, the state space can
be described by the 2—dimensional vector X (t;7) = (Z,(t:7) + Q(t: ), Zo(t; 7). In fact, the
queue length can be added to the number of busy servers of pool k, for any k£ = 1,2, because if
7 is work conserving then Q(¢;7) = [Q(¢;7) + Zk(t; m) — Ni]* (where [z]" := max{z,0}) and
Zi(t;m) = min{Q(t; ) + Zi(t; ), Ny}

Let II be the set of all non-preemptive, non-anticipating, work-conserving policies. By non-
preemptive, we mean that once a call is assigned to a particular server, it cannot be transferred to
another server of a different pool. The problem we would like to solve is as follows:

minimize ey EW (c0;7)
(2.2)

. A ET; (oco;m) o
subject to: Flioom) 1 BLa(oom) — f1,

7



where and 0 < f; < 1is the target steady-state fraction of pool 1 idleness. Specifically, given fixed
values of juq, fi2, A and N = (Ny, N3), one needs to find a policy m = m(\, ]\7) € II that minimizes
the expected steady-state waiting time subject to the constraint in (2.2), which we henceforth re-
fer to as “the fairness constraint”. Note that the fairness constriant in (2.2) is equivalent to the

. Elx(oo;m)
constraint 77 =5 = 1—fi.

The routing problem defined in (2.2) is difficult to solve exactly. However, suppose we
were to allow for preemption. In other words, suppose that at any point in time a service can be
interrupted and the call transferred to another service. Of course, this is not reasonable from a
customer service standpoint. However, we expect that the resulting routing problem (2.2) would
then be solvable using dynamic programming techniques. This is because when preemption is
allowed customers can be distributed between the two server pools in any fashion consistent with
equations (2.4)-(2.12). Hence the system state is one-dimensional.

Fortunately, there is a regime in which we expect that the performance of a preemptive policy
can be closely modeled using an appropriate non-preemptive policy, meaning that the system state
will become one-dimensional. (This intuition follows from Theorem 5 in [6].) This regime is a
heavy traffic regime in which the arrival rate A and the service capacity Niu; + Nous become
large and are close. Therefore, our approach will be to solve the routing problem (2.2) in this
heavy traffic asymptotic regime. More specifically, following the general approach outlined by
Harrison [31], we will solve the diffusion control problem that arises when formally passing to the
limit in the control problem having arrival rate \, interpret its solution as a routing policy in the
original system, and prove that that routing policy’s performance is near optimal.

An attractive feature of the policy obtained by solving the approximating diffusion control
problem is that it is a threshold policy. However, the infinitesimal drift of the diffusion associated
with the optimal threshold policy is discontinuous. This presents a non-trivial technical difficulty
because existing techniques for establishing state-space collapse in parallel server systems (see,
for example [17] and [27]) require continuity of this infinitesimal drift. Therefore, we prove that a
“continuous adjustment” of a threshold policy for the original system asymptotically obtains per-
formance that can be made arbitrarily close to the optimal solution to the approximating diffusion
control problem.

Before setting the stage for our asymptotic analysis, we first discuss our problem formula-
tion (2.2). Then, in Subsection 2.1, we provide the detailed system evolution equations, and in
Subsection 2.2 we specify our heavy traffic asymptotic regime.

Discussion of problem formulation (2.2)

The most obvious question that arises from the problem formulation (2.2) is how to determine
the idleness fraction parameter f;. There are various factors a manager might wish to consider.
First, it is fairly intuitive that the expected waiting time should be decreasing in the pool 1 idleness
proportion f;. Hence, one would obviously tend to choose higher values of f;. But how would this



choice affect system fairness?

One way to think about fairness is to consider individual servers and their utilization. Ul-
timately, one might want to ensure that all servers will have the same utilization. How does this
affect the choice of f;? Denote by p;. the expected utilization of server of pool k, k = 1,2. We ex-
pect all servers of the same pool to have the same utilization. This can be guaranteed by randomly
allocating customers to the servers within each pool all with equal weights. One can easily verify
that under any policy for which the following steady-state expectations exist, we have that

Ny

Therefore, the requirement that p; = p, translates into f; = NG

More generally, any fairness criterion that involves individual server utilizations may be
translated into a version of the problem (2.2) with the appropriate choice of f; by setting up and
solving an equation in f; (as long as the solution satisfies that f; € [0, 1]). To see this we need the
following lemma.

Lemma 2.1 Suppose that the steady-state of the processes X, I, and 15 are well defined and their
expectations are finite. Then, if EI,(c0)/EI(c0) = f1, we have that EI(c0) = fNitmelo=X - p,

N N N No frwi+p2(1=11)°
particular, EI,(c0) = fl—fllmf;g?l 2f ) and Ely(c0) = (1 — fl)—?llmﬂ’f(lf;l).

Suppose that the system manager wishes to ensure that the effective rate at which each in-
dividual server processes customers is the same over all servers. In particular, this implies the
constraint py (1 = pafte. But given the relationship (2.3) and Lemma 2.1 one can easily obtain an
equation in f; whose solution should be used in the constraint of (2.2).

Another point worth discussing in the problem formulation is the restriction of the family
of policies II to work-conserving policies. While this assumption is fairly intuitive in practice (it
appears unnatural to keep customers waiting when there are idle servers) its formal justification is
far from obvious. In particular, it is well known that it is sometimes optimal to idle slower servers
when there are customers in queue in order not to starve the faster servers (Recall the literature on
the slow server problem mentioned in section 1.1). However, if one allows for preemption, idling
servers is no longer desired in that context (see for example Proposition 3.1 in [2]).

For the problem (2.2) considered in this paper, it is not clear whether it is optimal to use
work-conserving policies even among preemptive policies. This is because one might intentionally
choose to idle servers even when there is work to be done in order to ensure that the fairness
constraint is met. So while we are unable to show optimality of work conserving policies among
all non-anticipative policies, we assume work-conservation for analytic tractability. We also note
that this is a fairly common assumption in the literature (see, for example, [6] and [7]).



2.1 System Evolution Equations

Let A(t) be the total number of arrivals into the system up to time ¢ (that is, A(t), ¢ > 0 is a Poisson
process with rate \). Also, for &k = 1,2 and for a policy 7 € II, let Ax(¢; ) be the total number
of external arrivals joining pool k& upon arrival up to time ¢, and let Ry (¢; ) be the total number
of customers joining server pool k, up to time ¢, after being delayed in the queue. The number of
arrivals into the queue (and not directly to one of the servers) up to time ¢ is denoted by A, (; 7).
In addition, let T (¢; 7) denote the total time spent serving customers by all IV, servers of pool k
up to time ¢. In particular, 0 < Ty (¢;7) < Nit. Respectively, let Y;(¢;7) be the total idle time
experienced by servers of pool k up to time ¢. Finally, let Dy (¢) be a Poisson process with rate /.
Then the number of service completions out of server pool k£ may be written as Dy, (T} (t; 7)).

The above definitions allow us to write the following flow balance equations:

B

Qt;m) = Q(0;m) + Ag(tsm) — ) Ri(t;m), (2.4)
k=1

Z(t;m) = Zk(0;m) + Ap(t; ) + Ri(t; ) — Dp(Ti(t; 7)), k=1,2, (2.5)

t
Ti(t;m) = / Zy(s;m)ds, k=1,2, (2.6)

0

2
X(t;7) = X(0;7) + A(t) = > Dp(Ti(t; 7)), 2.7)
k=1
2
At) = A (tim) + ) Ap(tim), (2.8)
k=1

To(t:7) + Ye(t;m) = Nit, k=1,2, 2.9)

Work conserving policies satisfy the following additional equations:

Qt; ) (Z(Nk - Zk<t;7r)>> =0, (2.10)

k=1
o 2
/ SO (Vi — Zelts m)dAg(t:7) = 0. @.11)
0 k=1
and
2 o0
3 / Q(t: m)dVa(t: ) = 0. 2.12)
k=1"0

In words, (2.10) means that there are customers in queue only when all servers are busy. The
verbal interpretation of (2.11) is that new arrivals wait in the queue only when all servers are busy.
Finally, (2.12) states that servers can only be idle when the queue is empty.
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2.2 Asymptotic Framework

We consider a sequence of systems indexed by A with increasing arrival rates A T oo, and increasing
total number of servers N* but with fixed service rates y1, jio. Our convention is to superscript any
process or quantity associated with the system having arrival rate A by A. Although our focus in
obtaining a diffusion control problem that approximates our objective in (2.2) is on the behavior of
the system under diffusion scaling, we also require knowledge of the system behavior under fluid
scaling. In this section, we present our asymptotic assumptions, and their consequences under both
fluid and diffusion scaling.

Fluid Scaling

Assume that there are 2 numbers a, > 0, £ = 1,2, with a; + a, = 1, such that the number
of servers of each pool NV MNE=1,2, grows with \ as follows:

A N}
N = ap— +o()\), as A—oo, or, /\lim aliaal N ay,. (A1)
Hi -
Condition (A1) guarantees that the total traffic intensity,
A
a (2.13)

. 22:1 /ikle

converges to 1, as A—oo, and hence, for large A, the system is in heavy traffic. Also, in view of
(A1), the quantity a; A/ can be considered as the offered load of server pool k. Let

= [Z s

k=1

-1

, (2.14)

then A/ is the total offered load of the whole system. Given this definition of i, (A1) implies that

A A
N* = ” +0()), as A—oo, or,  lim = (2.15)

where N* = Zi:1 N. Also,
A (2.16)

lim —k =% >0, k=1,2, 2.17)
i
where ¢ is the limiting fraction of pool £ servers out of the total number of servers. The condition

ar > 0 guarantees that g, > 0, and hence both server pools are asymptotically non-negligible in
size. Clearly, from the definition of 1 in (2.14), ¢; + g2 = 1 and Zizl Qrftk = fb-
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Under assumption (A1), the arrival rate, the offered load, and the size of the different server
pools are all of order N*. Hence one expects to get finite limits when the system processes in
(2.4)-(2.12) are scaled by 1/N*. The functional strong law of large numbers shows that this
scaling leads to the fluid dynamics of the system, in the limit, as A — oo. To see this, for

A T oo, k = 1,2 and a fixed sequence of routing policies 7* := 7(\, N*) € II (omitted from
— _ A —

the following notation) let Q*(t) = Q]?[&t), and Z}Mt) = Z]’ff(f). Similarly, let X*(t) = X]\A[gt),

_ A — A)\ — A)\ — A — A _

) = S A = FL A = TR = F T = B and () =

%. Finally, let D) (t) = D(t) = Dy(t). That s, (QY Zp, XM AN AR A R TR YY) =
QN Z), XA AN AX AN RY TX YN /N?, and D = Dj,. Note that D7 need not be divided by
k ko g e A Ty k k

N, due to its definition as a Poisson process with rate ji;,, which is independent of ).

As in [2], one can show that if (Q*(0), Z}(0), k = 1,2) are bounded, then the process
(@Y, Z), XA AN Ay A) Ry, TR, Y2, Dy) is pre-compact as A—oo, and hence any sequence has
a converging subsequence. Denote any such fluid limit with a “bar” over the appropriate letters but
with no superscript (for example, let Q(t) be a fluid limit of Q*(¢)). Note that equations (2.4)-(2.9)
imply that the following flow balance equations hold for any fluid limit:

2
Q(t) = Q(0) + Ay(t) = > Ru(t), (2.18)
k=1
Zy(t) = Zk(0) + Ag(t) + Ri(t) — e Ti(t), k=1,2, (2.19)
T = [ Zu(s)d 220
(0= [ Zitsyas (2.20)
2
X(t) = X(0) +put = > uTi(t), (2.21)
k=1
2
pt = A () + > A(t), (2.22)
k=1
Te(t) + Yi(t) = qit. (2.23)

Finally, for work conserving policies, conditions (2.10)-(2.12) imply:

2

QL) - (Z(qk - Zk<t>)> =0, (2.24)

k=1
o 2
JAD SUSSAIENOE) (2.25)
0 k=1
and
2 o]
Q(t)dIL(t) = 0. (2.26)
>, auwa
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The following proposition is the same as Proposition 2.1 in [2], which shows that for every
sequence of work-conserving routing policies and for every fluid limit, the quantities Q(¢) and
Zy(t), k = 1,2, remain constant if starting at time 0 from some appropriate initial conditions. In

particular, we assume

Q(0) — 0and Z(0) — qu, k € {1,2}, (A2)

as A\ — 00.

Proposition 2.1 (fluid limits) For A\ > 0, let ™ = 7(\,N*) € Il be a sequence of work-
conserving policies (omitted from the following notation), and let (Q, Zy,, X, A, Ay, /_lq, Ry, Ty, Yy, Dy,)
be a fluid limit of the processes associated with the system, as \—oo. Then, Q(t) = 0 and
Zp(t) = qu, k=1,2, forallt > 0.

Diffusion Scaling

For A > 0 and any fixed sequence of work conserving policies 7 = (A, N*) € II (omitted

from the notation), define the centered and scaled process X*(-) = (X7(-), X2(-)) as follows:

oy @0+ 2 — N}

XMt) - , (2.27)
1) VNA
; Z3(t) — N3
X3 (t) == M. (2.28)
VN
Note that for X(t) < 0 for all ¢, and that for k = 1,2, I}t) := [)A(,;\(t)] = min{X}(t),0

. . -
corresponds to the number of idle servers, scaled by 1/v/N*. In addition, Q*(¢) := [Xl*(t)}
corresponds to the total queue length, again, scaled by 1/v N, Let

S ey L @)+ T 2R — N XA (1) — N
X (t)—k;Xk (t) = N == (2.29)

. . . + . +
Note that [*(t) := [X’\(t)} is the total number of idle servers, and [X’\(t)] = [Xf‘(t)}
is the total queue length, both scaled by 1/v/ N*. Finally, note that, from work conservation, if
X3\(t) <0, then X (¢) < 0.

In our heavy traffic asymptotic regime, the queue size becomes large, and waiting times
become small. In particular, the scaled waiting time for A > 0 is defined as:

WA(t) = VN WA(1). (2.30)

As will be shown later, in order for the above diffusion-scaled processes to have well defined
limits, as A—o00, we add the following assumption:

13



2 2 A

N} — A
> N} =X+ 0V A+ 0o(V)), as A—oo, or,  lim Ly PN = A s, (A3)
k=1

A—00 \/X

for some d, 0 < § < co. Condition (A3) is a square-root safety staffing rule (similar to [32] and
[11]). In particular, the condition § > 0 guarantees that the system is stable (or can be stable,
under reasonable routing) for all A large enough. Moreover, as is shown in [2], it guarantees that
under the appropriate routing, the fraction of delayed customers is less than 1. Note that (A3) does
not specify how the added safety staffing is divided between the server pools. In particular, it is
possible that one server pool will have fewer servers than the nominal allocation of ¢, N*, while
the other will compensate for this deficit by having more than the nominal staffing. For & = 1,2,
and A > 0, let —oco < 0; < oo satisfy:

//JkN];\ — ak)\

VA

Then 5,?\/X is the safety capacity associated with server pool k, beyond the nominal allocation of
aiA. In particular, one can easily verify that

o) = (2.31)

5 = o(V)), as A\—oo, Vk=1,2, (2.32)
and
2
= 2(52} — 0, as A—oo. (2.33)
k=1

Note that we do not require the individual sequences {7 } o to have a limit, for any value of
k = 1,2. All that is assumed is that their sum converges to 9.

We also require an assumption on the initial conditions under diffusion scaling:

2

L) | 5 i?_]g _ VAR = X(0), (A4)

VN

for some proper random variable X (0) having FX (0)? < oo. The requirement of a finite second
moment is used when solving the diffusion control problem that approximates (2.2) in Section 3.
In particular, we require it in order to prove what is commonly referred to as a verification Lemma;
see Lemma 3.2.

Finally, for any fixed sequence of work conserving policies 7 = (), N*) € II, we assume
that any limiting process arising under diffusion-sacling is Markovian.

On any subsequence \; having X = X as \; — oo, the process X is Markovian. (AS)

We will require assumption (AS) when proving epsilon asymptotic optimality in Section 4. This is
because in solving the diffusion control problem that approximates (2.2), we restrict ourselves to
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the set of time-homogeneous Markovian policies. Note that although the LISF policy introduced
in Section 1 that is commonly used in call centers is itself not Markovian with respect to the state
(Z1(t) + Q(t), Z2(t)), [5] shows that it is in the diffusion limit; i.e., that it satisfies assumption
(AS).

3 The Diffusion Control Problem

In this section, we solve the diffusion control problem that arises under assumptions (A1)-(AS5)
when formally passing to the limit in the control problem (2.2) for the system having arrival rate
A. We begin by providing a heuristic derivation of this diffusion control problem. Recall from the
discussion in Section 2 that we expect that the performance of a preemptive policy can be closely
modeled by an appropriate non-preemptive policy. Hence to make the heuristic derivation possible,
we allow for preemptive policies.

Let u; (t) and us(t) be controls that specify the proportion of idle servers in each pool at time
t > 0, where

(ur(t),us(t)) €U == {(ug,u2) : 0 <uy < 1,0 <wup <1, and uy + ugy = 1}.

Then, the system state at time ¢ is fully specified by the total number of customers in the system
XA (t). Furthermore, the infinitesimal drift of the centered and scaled process X* at time ¢ is

_ A= N — Ny
‘/N)‘

lim %E X+ ) = XA = 2 + (O] + pus()[a]

R10

and the infinitesimal variance is

_ AT m NP Ny e (Ofe]” + poua(t)le]”
NA VN

where we have ignored discretization effects that are negligible for large A. Taking the limit in the

above expressions as A — 0o, and using assumptions (A1), (A3), and the definition of 1 in (2.14),

lim %E {(XA(t +h) — XVt))Q | XAt) = x]

suggests convergence to a diffusion process X with infinitesimal drift =01t + i () [z]” +
us(t) o]z~ at time ¢ when X (¢) = x and infinitesimal variance 2. In particular, for B a standard
Brownian motion and m : ® X U — R defined as

m(x,u) = —0y/ft + urpn s + ugpiox”,
we expect the limiting process X to solve the stochastic integral equation

X(t) = X(0) + /Otm (X(s>,u(s)) ds + \/2uB(t). 3.1)

Note that the process X depends on the control process u, but we suppress this from the notation.
We assume the distribution of X (0)? is such that X (0)? < co.
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We restrict our attention to the set of admissible controls @ = {(u; (), us(t)),t > 0} which
we define as follows:
(C1) w is a time-homogeneous Markovian policy with respect to X, and
(C2) (uq(t),us2(t)) € U forall t > 0.

We let Up denote the set of all admissible controls; that is, @ € Up if and only if « satisfies
conditions (C1)-(C2). The following Lemma establishes some basic properties of the process X.

Lemma 3.1 Conditions (C1)-(C2) imply the following:

(i) The process X has a strong solution. In particular, X has continuous sample paths.

(ii) The process X has a unique steady-state distribution. Furthermore, if X (00) is a random
variable having the steady-state distribution, X (t) = X (00) as t — oc.

(iii) The limits

hold.

The approximating diffusion control problem that parallels the formulation for the discrete-
event system in (2.2) is
minimizegey, EX(oo)t
. Bl (00) % (00) (3.2)
subject to: % = f1.
The objective function follows because by Little’s law the expected waiting time is proportional to
the number of customers waiting in queue. The constraint follows because X (c0)~ has approxi-
mately the same distribution as the scaled steady-state number of idle servers in the discrete event

system when \ (and therefore N* also) is large.

16



3.1 The Solution Approach and the Lagrangian Relaxation Problem
We first simplify the diffusion control problem (3.2) by writing the constraint solely in terms of

EX(00)”. Lemma 3.1 part (iii) implies that

1

. [X(t) - X(O)} 0,

as t — oo. Furthermore, from the stochastic equation (3.1) and Lemma 3.1 part (iii),

%E [m - X(o)] = S+ %E {ul / ur(s)[X ()] ds + pia / u2<s>[f<<s>rds}
— =6\l + 1 Eur (00) X (00) 7] + o Elus(00) X (50) 7],

as t — oo. It then follows that

~

0y/ii = i Efur(00) X (00) 7] + pa Bluz(00) X (00) 7.
Since u (t) + ug(t) = 1 forall ¢ > 0,
Efur(00) X (00) 7] + Bluz(00) X (00) 7] = E[X (00) ).

Substitution then shows

A

O/l = (i1 — piz) Elur (00) X (00) 7] + p2 E[X (00) 7).

The constraint E[u;(c0)X (c0)~] = f1EX (c0)™ holds if and only if

S N
BX(eo) = 5 U Fom (33)

We conclude that an equivalent approximating diffusion control problem to (3.2) is

minimizezey, EX(00)"
(3.4)

_ . B 5
subject to: EX(OO) = W\/Eﬁ)/@

Remark 3.1 When f; = 1, we expect the constraint in (3.4) to be consistent with the limiting
expression for EX *(00)~, as \ becomes large, when the FSF (fastest server first) routing policy
is used in the original system. This is because [2] shows that FSF asymptotically minimizes the
steady-state queue-length by allowing only the slow servers to idle. Propositions 4.2 and 4.4 in [2],
the continuous mapping theorem, and the uniform integrability established in Proposition A.3 in
the technical appendix show that

EXMoo)™ — v

M1

as A — oo. Hence the constraint in (3.4) is consistent with that known result.

I
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Since the diffusion control problem in (3.4) involves a constraint, to apply the standard meth-
ods in, for example [22] or [34], we first formulate the Lagrangian relaxation problem. Let A € R
be a penalty parameter, and define

OV

- Jipn 4+ (1= fi)pe

Our solution approach is to solve
minimizegey, EX (00)t + A (EX(oo)- - d) . (3.5)

for a range of penalty parameters. Then, we search for the penalty parameter A* such that the
constraint FX (00)™ = d is satisfied. In this case, the solution to (3.5) is also the solution to (3.4),
and so we will have solved the approximating diffusion control problem. This argument is made
rigorous in Section 3.3.

3.2 Solving the Lagrangian Relaxation Problem

For a fixed A € R, the following verification Lemma is necessary to characterize the form of a
control @ € Up that solves (3.5).

Lemma 3.2 Suppose there exists a twice-continuously differentiable function V : R — R and a
constant k. € R that solve

pV"(x) + inf m(z,u)V'(z) + 27 + AN(x™ —d) =k, forallz € R. (3.6)

ueUp

Also assume there exist by, by € R such that
\V(2)] < bya® + by
forall x € R. Then, if X satisfies (3.1) under some admissible control u € Up,

— E [fg X(s)t + A (X(s)* - d) ds}

t—o00 t

> K.

Observe that for any state x < 0 such that V’(x) > 0,
argmin, ,,m(z,u)V'(z) = (1,0),
and for any state z < 0 such that V'(x) < 0,

argmin,, ., ,m(z,u)V'(z) = (0,1).
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Then, assuming that the function V"’ is increasing, we expect that there exists a control of threshold
form that solves (3.6). Specifically, a threshold control at level L > 0 has

(ur(t), ua(t) = (1{~L < X (1) <0}, 1{X(t) < —L}) 37

for all ¢ > 0. The associated infinitesimal drift is

—5\/ﬁ z >0
mp(z) = ¢ =0/l — —L<z<0 (3.8)
=0/t — o x < —L.

For intuition, a threshold control at level L for the diffusion corresponds to a preemptive policy in
the discrete event system that idles only slow servers when —L < X A(t) < 0 and idles only fast
servers when X A(t) < —L. Note that a threshold control obviously satisfies conditions (C1) and
(C2), and so is admissible.

We search for a control that satisfies the conditions of Lemma 3.2 within the class of thresh-
old controls. The following lemma characterizes the cost associated with a threshold control.

Lemma 3.3 Suppose there exist a twice-continuously differentiable function V : ® — R and
constants k € R, L > 0 that solve

pV'(z) = 6/uV' () +x—Ad = K, >0 (3.9)
pV"(x) — (0/p+ ma)V'(x) = Az +d) = k, —L<2x<0
pV"(x) — (0/p + pox)V'(x) = Az +d) = K, x < —L.

Also assume there exist by, by € R such that
‘V(l’)’ S bl$2 + bg
forall x € R. Then, if X satisfies (3.1) under the threshold control at level L,
EX(00)t + A (E)A((oo)’ - d) = K.
We now present the solution to (3.9), and show it satisfies the conditions of Lemma 3.3. This
will allow us to show that there exists a threshold control that satisfies the conditions of Lemma 3.2,
and so solves the Lagrangian relaxation problem (3.5). Let ¢ and ® be respectively the probability

density and cumulative distribution functions for a standard normal random variable, and let i be
the associated hazard rate function. Define

2 1/ 6 2 "
7T H1 1 5 5 5
f(%L)::\/—exp(—( 4 —a:)) WEEN N P
9 T2 © NI 2 g1
H1 vV H1 n .
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Suppose there exists L), that solves

11 1 0
L f(0.L (L, 22— ——). 3.10
N 10, )+5,/_u2 ( fu \/uz> G0

Then the function defined by

_ ) SV'ydy ifz>0
Vie) = { fgﬁo Vi(y)dy ifz <0

for
x 1 A * ) )
Wﬁ+?_5@<h(Lﬂv%_\/@>+TE> r>0
V'(z) =4 Of(x, Lj) —Li<z<0
2
A 1 ) * ) ) A *
zmexp<5(¢7?+ “—i"”))h@& %—ﬁ)‘P(ﬁ*\/fo)‘z v <~
G.11)

is a twice-continuously differentiable function. Furthermore, for

[ E) ) o

the function V' solves (3.9). Finally, it is straightforward to verify that lim, ., |V"(x)| < oo and
lim, ., |V"(z)| < co. Then, there exist constants by, by € R such that

|V (z)| < biz? + by forall z € R.

Hence the conditions of Lemma 3.3 will be satisfied.

The following Lemma shows the condition under which L7 exists.

Lemma 3.4 Suppose

O<A<{5—2+Lh(_—5)]l (3.13)
pe i \yia/)] '

Then, there exists L’ that solves (3.10).

Figure 3.1 graphs the function V' for a problem with parameters p; = 1, uo = 2, 6 = 1,
1 = 1.5, and penalty parameter A = 0.3 (We choose A = 0.3 because we show in Section 3.3 that
A = 0.3 is the correct choice in order to have a solution to the original approximating diffusion
control problem (3.4)). In this case, it follows from equation (3.10) that L, = 1.5343. Observe
that V'(z) > O for all z € (—Lf 4,0] and V'(z) < 0 for all z < — L 5, which implies

argmin, ., ,m(z,u)V'(z) = (1,0)if — Lf; <z <0
argmin, ., ,m(z,u)V'(z) = (0,1)ifx < —Lf,.

Hence our numerics suggest that a solution to (3.9) satisfies the conditions of the verification
Lemma 3.2. The following proposition makes this intuition rigorous.
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V'(x)

Figure 3.1: The function V"’ for a problem having py = 1, s = 2, 6 = 1, u = 1.5, and penalty
parameter A = 0.3. Then, Lj ; = 1.5343.

Proposition 3.1 Assume /A satisfies (3.13). Let XZ satisfy (3.1) under the threshold control at
level L*,, and let X satisfy (3.1) under any other control u € Up. Then,

EX% (o)t + A (EXg(oor - d) < EX(00)t + A (EX(OO)— - d) .

3.3 Solving the Diffusion Control Problem

Let XZ satisfy (3.1) under the threshold control at level L* when the penalty parameter is A.
To solve the approximating diffusion control problem (3.4), it suffices to find A* that satisfies
condition (3.13) under which

EX%.(00)” =d.

To see this, observe that it follows from the choice of A* and from Proposition 3.1 that for any
other X satisfying the stochastic integral equation (3.1) under control v € Up,

EX%.(00)t = EX%.(00)* + A* (Ef(g*(oo)* - d> < EX(c0)" + A (EX(OO)* - d) .

In particular, the above inequality must hold under any control © € Up having EX (00)” =d, and

SO
EX%.(c0) < EX(00)*.

We conclude that the above inequality holds for any u € Up satisfying the constraint in the approx-
imating diffusion control problem (3.4), and so threshold control at the level L* associated with
the penalty parameter A* solves (3.4).
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Figure 3.2: The value of E[X%(c0)”] as a function of the penalty parameter A for a problem
having iy =1, e = 2,0 = 1, p = 1.5, and f; = 0.5. Then, from (3.4), d = 0.816497.

Figure 3.2 graphs EX % (00)~ as a function of the penalty parameter A for a problem with
parameters p; = 1l,pus = 2,0 = 1, p = 1.5, and f; = 0.5, which implies from (3.4) that
d = 0.816497. In this case, we see numerically that A* = 0.3, and it is straightforward to verify
that condition (3.13) is satisfied. (Recall from Section 3.1 that the associated optimum threshold
level is Lj 5 = 1.5343, as demonstrated in Figure 3.1.) The following lemma ensures the existence
of a /A* that satisfies condition (3.13) for any problem parameters.

Lemma 3.5 There exists /\* that satisfies (3.13) such that EX%.(c0)™ = d.

Finally, we state our main theorem, that provides a solution to the approximating diffusion
control problem (3.4).

Theorem 3.1 Let /\* be such that EXZ*(OO)* — d. Then, for any X that satisfies (3.1) under
control u € Up and has EX (c0)™ = d,

EX%.(00)t < EX(00)".

Note that while A* and d where used in this section to help solve the diffusion control
problem (3.4), now that it has been established that the optimal solution is of threshold type, it
is no longer necessary to find the values of these parameters in solving this problem. Instead, it
is sufficient to find the threshold level L* that would ensure that the constraint of (3.4) with its
particular choice of f; is met. To elaborate, we next spell out the value of f; as a function of the
threshold level L. A simple search can then allow one to find L as a function of f;.

Let X, satisfy (3.1) under the threshold control at level L. In order to satisfy the constraint
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in the original approximating diffusion control problem (3.2), we have

_ Elu1(00) X 1,(00)~ |
E[X1(c0)7] ) ) ) (3.14)
] ] B[R 1 (00)~ |~ L< X1, (00) <0 P(~ L< X, (50)<0) ]

E[X(00)7| X (00)<—LIP(XL(00)<—L)+E[XL(00) |- L<X 1 (00)<0]P(—L<X (00)<0)

S

By Proposition 18.3 in Browne and Whitt [12]

BLXuo0) 1 Xu(o0) < 1) = Y 4 [2 (1, [P
E L5 -

) (3.15)
¢ (dn

; _ - O/t Iz
E[X(00)7| = L < X (00) < 0] = Y= —, /= (3.16)
Vi () e ()
P(X(c0) < —L) = 1/D(L), (3.17)

and

p()-—(L 1, /u
P(~L < Xp(00) <0) = &h(L [H2 5) <v“1> <W1 u) 1
K1 [RVIT

where

D(L) = 1+ &h<L\/%— 0 )q)(“%)@(“%L %) (3.19)
m

H1 V2

/i sy ¢(R)
(/- ) (5 _Cw;:)' 0

Plugging (3.15)-(3.19) back into (3.14) yields the desired relationship between L and f;.

To be able to solve for the threshold L given any value of the fraction f, one still needs to
show that (3.14) has a solution in L for any value of f; € (0, 1). This can be easily established by
noting that according to the proof of Lemma 3.5 we have that for any value of d such that

M <d< M (3.21)

Y

H2 H1

E[u1(00) X 1,(00)~ |
E[XL(c0)"]

holds if and only if the constraint £X; (c0)~ = d holds with d = m Finally, noting

that for 0 < f; < 1 the above value of d always satisfies (3.21) the argument is complete.

there exists an L > 0 such that EX[(c0)~ = d. But by (3.3) the constraint f; =
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4 The Proposed Policy

The threshold policy specified in Theorem 3.1 motivates our proposed routing policy. A natural
translation of the optimal threshold policy for the approximating diffusion control to a routing
policy for the original system is as follows.

The Threshold Policy: Let L( f;) be such that

o byn
EXuloo) = = o

so that the constraint in the equivalent approximating diffusion control problem (3.4) is satisfied,
as explained at the end of Section 3.3. Fix A and N*, and let L» = N* — L(f,)v/N*. Then the
threshold policy assigns newly arriving customers to the faster (pool 2) servers first when the total
number of customers in the system is greater than or equal to L*, and it assigns such customers to
the slower (pool 1) servers first, when the number in the system is below L*.

We expect our proposed threshold policy to perform well for large values of \ because the
diffusion control problem we solve in Section 3 arises when formally passing to the limit in (2.2)
as A becomes large. Recall from Figure 1.2 in Section 1 that, for the same slow server idleness
proportion f;, our proposed threshold policy has a lower expected waiting time than the LISF
policy that call centers often use to route calls. However, the LISF policy can achieve only one
f1, and our proposed threshold policy can achieve any f; € [0, 1]. Therefore, for comparison
purposes, we extend the LISF policy to a variant of the LISF policy that can achieve any f; € [0, 1]
by weighting the different server pools and routing calls to the server that has experienced the
longest weighted idle times.

The Longest-Weighted-Idle-Server-First (LWISF) Policy: Let w; € [0,1] and we € [0, 1] be
such that w; + wo = 1. Suppose that at the time a new customer arrives there is at least one server
in each pool free, and let 7; represent the idle time of the server in pool 1 that has been idle the
longest and 75 represent the idle time of the server in pool 2 that has been idle the longest. Then, the
LWISF policy routes the customer to the pool 1 server that has been idle the longest if wq2; > wsis,
and otherwise routes the customer to the pool 2 server that has been idle the longest. If servers in
only one pool are free when a new customer arrives, the LWISF policy routes the customer to the
server that has been idle the longest in that pool. Finally, if no servers in any pool are free at the
time a new customer arrives, the customer queues.

Note that for the LWISF policy, we expect that

£~ p N1 /wy
1/ )
p1N1/wy + pa N Jws

4.1)

To see (4.1), let Uy, be the average idleness period duration for a server in pool k. Then, the slow
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Figure 4.1: A comparison of the performance of the threshold and LWISF policies for N; =
300, N2 = 200, H1 = 1, and Ho = 2.

server idleness proportion is

U
Nl <U1 +11/ #1)
U U ’
Nl (U1+11/u1) + N2 <U2+12/u2)
Similar to the LISF policy in [5], the LWISF policy tends to equalize w,U; and wyU,. Hence,

substituting into the above expression, and noting that idle periods are much shorter then service
periods (Ux = o(1) in our asymptotic regime), shows

fi=

U
f Nl <U1+11/u1) N1
1= w1 Us Jw ~ 2 wi g
N (rebi) + Ve (eiiliers) e BN

wiUy Jwa+1/p2

which is equivalent to the expression (4.1).

The expression for f; in (4.1) shows that the LWISF policy can attain any value of f; between
0 and 1 by varying the weights w; and ws.

Figure 4.1 shows that our proposed threshold policy outperforms the LWISF policy in terms
of the steady-state expected waiting time for a range of targeted slow server idleness proportion
values f;. We simulate a system having parameters N; = 300, Ny = 200, uy = 1, pus = 2,
and A\ = 674, and vary the threshold level L and the weights w; and ws so as to achieve the
desired f; for both the threshold and LWISF policies. We report the average of the mean number
of customers waiting and the mean slow server idleness proportion over 100 runs, where each run
has a 100,000 arrival “warm-up” period (in which statistics are not recorded), and then 500,000
subsequent arrivals (in which statistics are recorded). For values of f; between approximately 0.4
and 0.8, the percentage decrease using the LWISF policy as compared to the threshold policy is

25



between 6% and 8%. It is to be expected that there is no performance difference between the
two policies when either f; = 1 or f; = 0 because then both polices are exactly the same, either
faster-server-first ( f; = 1) or slower-server-first (f; = 0).

Unfortunately, establishing asymptotic optimality is technically very challenging. The diffi-
culty is in establishing state-space collapse. Specifically, one would expect that as A—oo the num-
ber of fast idle servers will be negligibly small every time the number in the system exceeds the
threshold, and, similarly, the number of slow idle servers will be negligibly small when the number
in the system is below the threshold. This suggests a non-continuous form of state-space collapse at
the threshold level L( f;). Existing techniques do not allow for such a form of state-space collapse
(for example, both [17] and [27] assume a continuous form of state-space collapse). Therefore,
we show that a “continuous adjustment” of the non-preemptive threshold policy into what we call
the e—threshold policy is feasible (that is, satisfies the fairness constraint), and asymptotically, as
A — oo has an expected waiting time that is e away from the optimal solution, where € is arbitrarily
small.

We start with some relevant definitions.

Definition (Asymptotic Feasibility): Consider a sequence of systems indexed by )\, with N}
servers in pool k£ (k = 1,2). Suppose that the system operates under a sequence of policies
T =m(A, N’ A) € II, and that the process X*(-; ) has a steady-state for every value of \. Then, 7
is asymptotically feasible with respect to (2.2) if

i EI}Moo; )
Ax—oo BT (003 )

:fl'

Definition (¢ -Asymptotic Optimality): Consider a sequence of systems indexed by A, with N}
servers in pool k£ (k = 1,2). Suppose that the system operates under an asymptotically feasible
sequence of policies ™ = (A, N M). Let e > 0. Then 7 is e-asymptotically optimal with respect to
(2.2) if for any other sequence of asymptotically feasible policies 7/ = 7/ (A, N*) € II we have

lim sup EW*(00; 7) < lim inf EW*(c0; ') + €.

A—00 A—00

The derivation of our proposed € -threshold policy is done in three steps.

1. In Subsection 4.1, we propose the € -threshold policy TH. for the diffusion control problem
(3.4), and establish its € -optimality. Note that the ¢ -threshold policy modifies the threshold
control at a given level L into a control that has a continuous infinitesimal drift.

2. In Subsection 4.2, we propose the ¢ -threshold policy T'H. for the original queueing prob-
lem (2.2), establish its asymptotic feasibility, and show that its performance asymptotically
approaches the performance of TH..
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3. Finally, in Subsection 4.3, we establish e— asymptotic optimality by showing that the optimal
objective value in (3.4) is a lower bound on the scaled objective value in (2.2) under any
asymptotically feasible policy.

4.1 The diffusion ¢— threshold policy

Let X* denote the diffusion in Theorem 3.1 that satisfies (3.1) under the optimal threshold control
at level L* when the penalty parameter is A*. (For notational simplicity, we have dropped the
subscript /A*.) Then, X* has a piecewise linear drift () as in (3.8) and an infinitesimal variance
21 We would like to replace the process X* by another diffusion process whose steady-state
performance is close to that of X *. but whose infinitesimal drift term is continuous. To do that,
we first propose upper bound and lower bound diffusion processes: X , and Xf], respectively, such
that:
51 + 5 + 5 +

E [Xn(oo)} <E [X (oo)} <E [Xn (oo)} , 4.2)

and

U - % - a
E [Xn (oo)] <E [X (oo)] <E [Xn(oo)} , 4.3)
where 7 > 0 is some parameter whose role will become clear later.

As the next step, we define a process )AQM whose infinitesimal drift is a convex combination
of the drift terms of X' and X, 717, with weights v and 1 — «y respectively (0 < v < 1). We then prove
the existence of () such that

E[Xnﬁ(n)(oo)} :E[X*(oo)] . 4.4)

In particular, if TAHE(n, 7) is a control policy that corresponds to the diffusion process )A(m, then
TH.(n,v(n)) is feasible for the problem (3.4), for all values of > 0.

Finally, to prove the e— optimality of T'H (1, v(1))) we show that

lim E [Xm(n)(oo)} _E [X*(oo)] " (4.5)

n—0

The upper and lower bound diffusion processes

Fix a threshold value L and let the infinitesimal drift associated with the resulting diffusion

process be
=0/ x>0
m(z) = ¢ =0/ — iz —L<z<0 (4.6)
=0/t — pp x < —L.
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Let 0 < n < L. We define X,‘; and X 717 to be two diffusion processes with infinitesimal variance 2u
and infinitesimal drift:

=0/ x>0
=0/t — —L+n<x<0
ul,y 4.7
() —0/fi — mx + ¢ (pe — ) (n — L — x) —L<z<—-L+n 7
—0\/lt — pa xr < —L.
and
—0\/1t x>0
=0/t — 1 —L<x<0
!
m,(r) = 4.8
AN St B ) (a L) —Lop<a<—L  *P
=0/t — o rx<—L—n.

respectively. We make the following three observations:

1. The functions my(-) and mj,(-) are piecewise linear. Therefore, by Section 18.4 of [12] the
steady-state distributions of X’}; and X | exist.

2. The functions my(-) and m(-) are continuous.

3. The relationship m/ (x) < m(z) < m(x) holds for all z. Therefore, by Proposition 18.5 in
[12], we have

5 st . st A “
X, (00) < X*(00) < Xj(00). 4.9)
In particular, the inequalities (4.2) and (4.3) both hold.

Note that due to (4.3) we expect the policies associated with the upper and lower bound processes
to not necessarily be feasible for the problem (3.4). Hence, we propose the process X n,~ Whose drift
is a convex combination of m*(x) and m!(z) which, with the appropriate choice of the parameter
~ is feasible.

The feasible diffusion process X ey

Fix the parameter 0 < n < L and let y be an arbitrary number in the interval [0, 1]. We
define the diffusion process X, ., to have an infinitesimal variance 2y and an infinitesimal drift that

satisfies my, - (x) = yml (z) + (1 — y)my(z), or:
( —0\/p x>0
=0/t — T —L+n<x<0
My (2) = $ =01 =z + (1 —5) 5 (2 — ) (n — L — ) —L<z<—L+n
—0\/1t = piow + 5 (2 — pn)(—x — L — 1) ~L-n<az<-L
[ =0/l — o r<—L—n.

(4.10)
The following observations are true with respect to the process )A(W:
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1. The function m,, ,(-) is piecewise linear. Therefore, by section 18.4 of [12] the steady-state
distribution of X, ., exists.

2. The function m,, ,(+) is continuous.

3. The relationship m! (z) < my,(x) < m!(x) holds for all 2. Therefore, by Proposition 18.5
in [12], we have

~ st st o
X!(o0) < X, 4(00) < X (0). (4.11)
In particular, the following two inequalities hold:
5 + . + 5o +
E [Xn(oo)} <E [Xm(oo)] <E [Xn (oo)] , 4.12)
and

E [X,’;(oo)}_ <E [Xm(oo)} <E [X;(oo)]_. (4.13)

We next define the e— threshold policy THE(U, ~v) that corresponds to the process )A(m. Let

1 —L+n<x<0
I L e I e e
Ui\ _7%<1+%) —L—-n<z<-L
0 r < —L—mn,
and
0 —L+n<z<0
_(1_7)£<ﬂ_1) —L<z<—-L+n
u2,n,’y<x): L K LI—H?
L+ I+ —L-n<e<-L
1 r<—L-—n.

Then one can easily verify that w, ., = (uy,,u2,.~) is the policy associated with the diffusion
process X, , by confirming that:

a. 0<uy,<1l,i1=12,
b. Ui~ + U2y, =1, and

C. Myy(T) = =0/l + Uty (T) 112" + ugy (@) o™, for all z < 0.

We next show that there exists () € [0, 1] such that (4.4) holds. This will establish feasi-
bility of the policy T'H (1, v(n)).

Proposition 4.1 Fix 0 < n < L and define the processes X )A(é and X’m as above. Then there
exists (1) € [0, 1] such that E[X, ., (00)]” = E[X*(c0)]".
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Establishing e— optimality of TH (1, ~(n))

Now that we have established the existence of (1) such that the policy TH.(n,~(n)) is
feasible with respect to the problem (3.4), it is left to show that this policy is also e— optimal
for the same problem. We show this property by establishing that F [)2}7,7(7,)(00)?L converges to
E[X*(c0)]tasn | 0.

Proposition 4.2 The policy TH.(n,~(n)) is e— optimal with respect to the problem (3.4). That is:

i. TH.(n,~(n)) is feasible for all values of 0 < n < L, and

A

ii. Forall e > 0, there exists n. > 0 such that E[)A(neﬁy(ne)(00)]+ < E[X*(o0)]" + e

4.2 The ¢— threshold policy

In this section we define the e— threshold policy T'H,(n, ) for the original queueing system (fixed
A). We then establish that, in the limit as A— oo the scaled number of idle servers of each pool and

the scaled queue length converge to the appropriate quantities associated with the diffusion process
X

777’Y ‘

Fix the values of L > 0,0 < n < L and 0 < v < 1. Consider the following two functions
v1,v2 t Ry — [0, 1:

1 O<az<L-—n
A=) Len<a <L
v () = _7%(1_%) L<xz<L+n
0 L+n<ux,
and
0 O<axz<L-—n

—(1—7)%(%—1) L—-n<x<L
L4E (1 -5 L<z<L+n

1 L+n<u.

vg() =

Note that v;(x) = u;, ,(—x) forallz > 0 and ¢ = 1,2, where u; ,, , u2,, , is the control associated
with the diffusion e— threshold policy: TH.(n, ). Roughly speaking, according to T'H (n,~), if
at time ¢ the state of the diffusion system is z < 0, then a fraction u;,, , of the total number of idle
servers £~ receives service from pool i. Our purpose in T'H.(n, «y) is to imitate this policy, keeping
in mind that for the original system the policy must be non-preemptive.

The e— threshold policy: For A\ > 0, let I ,?7,7,7 be the scaled number of idle servers of pool £, and
let )A(gﬁ be the centered and scaled total number of customers in the system. For brevity, omit
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and 7 from the notation. Then, the policy T'H.(n,~y) assigns a new arrival at time ¢ to a server of
pool k*(t) where

A

B (1) € argmax { 1}(1) = [X*(0)] - wn([(X3(0)] ) }

Ties are resolved arbitrarily.

Note that our policy is a special case of the Queue-and-Idleness-Ratio (QIR) control intro-
duced in [27].

Our goal now is to establish that as A—oo the appropriate (scaled) performance under
TH.(n,~) converges to the performance obtained under TH.(n,~). A step towards establishing
this ultimate goal is proving a state-space-collapse (SSC) result. Roughly speaking, SSC implies
that at any time point ¢ the fraction of idle servers of pool 7 is approximately equal to v;. We state
this formally in the following proposition:

Proposition 4.3 Suppose that (X*(0), Z*(0)) = (X(0), Z(0)) and that I (0)—[X*(0)] v, ([X}(0)] ") =
0, as A—o0. Also suppose that the system works under the e— threshold policy TH.(n,~). Then
we have the state-space collapse:

D) = [X O] - on([XM#)]7) = 0in D as A—oco, k= 1,2,

where D is the space of all RCLL functions with values in ‘R, equipped with the Skorohod J,
metric.

We next establish weak convergence of the scaled process (X*, Q*, I, I2)).

Proposition 4.4 Consider a sequence of systems operating under the e— threshold policy T H.(n, 7).
Suppose that X*(0) = X(0), as A—oo, with X,(0) + X5(0) = = and I,(0) = X (0) =
™ - vp(x7), k = 1,2. Then X(-) = X (-), where X () is the diffusion process associated with
the policy T He(n, ) whose infinitesimal variance is 2j. and infinitesimal drift is given in (4.10).
In addition, Q* = Xt and I} = X~ - vu(X~), k= 1,2.

Finally, we are ready to establish that the e— threshold policy T H.(n,y) asymptotically
performs as well as its diffusion counterpart 7'H (1, )

Theorem 4.1 Fix the values of n and vy (omitted from the notation), and consider a sequence of
systems operating under the e— threshold policy T H(n, ). Then,

lim E[X*(00)] = E[X(c0)]*, (4.14)
and
lim E[I,(00)] = E[X(00)™ - vp(X(00)7)], k=1,2, (4.15)

A—00

where X is the diffusion process associated with the policy THE(U, 7).
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4.3 Establishing a lower bound

The following theorem will establish that the optimal objective value to the diffusion control prob-
lem in (3.2) provides a lower bound on £ [X *(0o; 7')]* under any asymptotically feasible policy

.

Theorem 4.2 Consider a sequence of systems indexed by \, with N}\ servers in pool k (k =
1,2). Suppose that the system operates under an asymptotically feasible sequence of policies
7 = 7' (\, N{). Then,
. + . +
li/{ninfE [X’\(oo;ﬂ')] >FE [X*(oo)]
To establish e-asymptotic optimality, it is left to show that the asymptotic diffusion-scaled steady-
state waiting time under the e-threshold policy T'H. does not exceed the asymptotic diffusion-

scaled steady-state waiting time under any other asymptotically feasible policy by any more than
€.

Let ¢ > 0, and let X be the feasible diffusion process that corresponds to the policy 7 =
T}{ue(n,y(n)). Consider a sequence of systems operating under the eu-threshold policy 7 =
TH,(n,v(n)). It follows from Little’s law that
2 N 1o +
lim £ |:W>\(OO;7T)] = lim —F |:X>\(OO;7T)} :

A—00 A—00 )\

Theorem 4.1 and the limit in (2.15) show

lim NT/\E [)A(’\(oo;ﬁ)rr = | )

A—00

and, by Proposition 4.2,
A +
E [X(oo; fr)}

H B H
Theorem 4.2 implies that

. +
el o
———= < —liminf F [X (oo;ﬂ')] :
1% ) A—00
Since for any other asymptotically feasible sequence of policies 7’
A

1 5 + N A +
—liminf £ [X’\(oo; W')] = liminf —F [X)‘(oo; W’)} :
M A—oo A—oo A

Little’s law shows that

1 X + . +
—liminf £ [X’\(oo;w')} = liminf £ [W)\(OO;’/T/):| :

il A—00 A—00
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We conclude that

lim F [W’\(oo;w)} < li/\rriiogle [WA(OO;TI'/)]+ + €,

A—00

which establishes that the policy 7 is e-asymptotically optimal.

5 Conclusions and Future Research

Service systems with heterogeneous servers are concerned about two conflicting goals: minimizing
expected customers waiting times and maintaining fairness among their servers. We formulate this
problem as a dynamic control problem with waiting time performance as the objective function and
a fairness criterion as the constraint. For this problem we propose a simple threshold policy that
utilizes the faster servers first when the number in the system exceeds the threshold and utilizes the
slower servers first when that number is below the threshold. This policy is numerically shown to
be fair and to improve on the expected waiting time in comparison with the longest idle server first
(LISF) policy commonly used in call centers, and its natural extension, the longest weighted idle
server first (LWISF) policy. Formally, we show that a continuous version of the threshold policy is
e—asymptotically optimal in the many-server heavy-traffic QED limiting regime.

There are various directions for further research in this domain. First, it might be possible to
extend this paper’s results to an inverted-V model with an arbitrary number of server pools. One
might also be able to incorporate customer abandonment into the model, as well as other forms for
the interarrival and service time distributions. Another important extension is to study the notion
of server fairness in more general multiskill networks. Here, the problem formulation needs to
change due to the multiplicity of both customer classes and server skills.

Another potentially fruitful direction for further research is to explore the incentive issues
associated with various control schemes. For example, it is fairly obvious that the faster server
first policy gives an incentive to faster servers to slow down in order to get a break. This raises the
question of what kind of control would give each agent an incentive to work as fast as s/he can.
It is possible that such a control mechanism would have to be supplemented with an appropriate
compensation mechanism (e.g. pay-per call) in order to obtain this goal.
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