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In this technical appendix we provide proofs for the various results stated in the manuscript
titled: “Fair Dynamic Routing in Large-Scale Heterogeneous-Server Systems”. The technical
appendix is divided into two subsections. Section A provides results that are useful to prove the
Lemmas, Propositions, and Theorems stated in Sections 3 and 4 of the main paper. Section B
shows the proofs of all the Lemmas, Propositions, and Theorems in the main paper.

To begin, we note that we require the following technicalities. All random variables are
defined on a common probability space (2, F, P). For each positive integer d, let D([0, o), R¢)
be the space of right continuous functions with left limits (RCLL) in ¢ having time domain
[0,00). We endow D([0, 00), R?) with the usual Skorokhod J; topology, and let M¢ denote the
Borel o-algebra associated with the J; topology. All stochastic processes are measurable functions
from (Q, F, P) into (D([0, 00), R?), M) for some appropriate dimension d. Suppose {£"}°,
is a sequence of stochastic processes. The notation £" = ¢ means that the probability mea-
sures induced by the £™’s on (D([0, 00), %), M) converge weakly to the probability measure
on (D([0,00),R?), M?) induced by the stochastic process £. Note that we suppress d from the
notation unless necessary. We often reference the functional strong law of large numbers, the
functional central limit theorem, and the continuous mapping theorem. A convenient reference for
these theorems is [9] or [48] (numbered according to the reference list in the main body of the
paper). Finally, we let “a.s.” denote “almost surely” and “u.o.c.” denote “uniformly on compact
sets”.
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A Auxiliary Results

Results Supporting the Proofs of the Results in Section 3

We will require two lemmas that provide (1) a stochastic upper bound between the process
X in (3.1) under any admissible policy @ and a particular reflected Brownian motion process, and
(2) a stochastic lower bound between the process X and a particular Ornstein-Uhlenbeck process.
Let <, represent stochastically less than.

Lemma A.1 Suppose X! is a reflected Brownian motion with infinitesimal drift —0 V/H, infinites-
imal variance 241, and initial position X*(0). Suppose X satisfies equation (3.1) for some admis-
sible control u € Up. Then, assuming X (0) < X7(0) a.s.,

X (t) <o XE(t) for every t > 0.

Proof:
Let B be a standard Brownian motion and let

XE@t) = XB0)—6/nut ++/2uB(t) + LE(1),

where L(0) = 0, L" is non-decreasing, and [~ X (¢)dL"(t) = 0. Note that we have coupled
X and X* by using the same Brownian motion, B in the above equations. We establish that for
these particular versions of the two processes X () < X%(¢t) for every ¢ > 0 with probability 1.

X(t) = X(0)—d/put+ / (i (s) + pous(s)) X (s)~ds + v/2uB(t)

Our proof is by contradiction. Suppose there exists ¢ > 0 for which X (¢) > X%(t). Since
X (0) < X%(0) a.s. and X — X7 has continuous sample paths, there exists s € [0,¢) such that
X(s) = XB(s) with X (v) > XB(v) forall v € (s, t]. Because L* is a non-decreasing process,

X0 =X = X6 =X+ [ (@) + )X @) ) do— (L70) - 17(5)
< /St (,ulul(v)f((v)_ + ILLQUQ(’U)X(U)_> dv.

X" is a non-negative process and so X (v) > X(v) for all v € (s, ] implies X (v) > 0 for all
V' € (s,t]. Therefore, X (v)~ = 0 forall v € (s, t], and so

~

/st (,ulul(v)X(v)_ + ,l@m(v)f((v)‘) dv = 0.

We conclude that X (£) < X%(t), which is a contradiction. m



Lemma A.2 Suppose X9~V is an Ornstein-Uhlenbeck process with infinitesimal drift —6 VI —
paz, infinitesimal variance 2y, and initial position X°~Y(0). Suppose X satisfies equation (3.1)
for some admissible control u € Up. Then, assuming X°~Y(0) < X(0) a.s.,

XO7U(t) <y X(t) for everyt > 0.

Proof:
Let B be a standard Brownian motion. As in the proof of Lemma A.1, couple X~V and X as
follows

t
() = KO = v+ [ (o) + paals) X(s)ds + y2uB(0)
0
t
XOU() = X(0) =6/t — / XOU(s)ds + /21B(1).
0
The proof is again by contradiction. Suppose there exists ¢ > 0 for which X°~U(¢) > X (t). Since
XO-U(0) < X(0) a.s. and X9~Y(¢) — X (t) has continuous sample paths, there exists s € [0, 1)
such that X (s) = X©97Y(s) and X (u) < X9~ Y(u) for all u € (s, t]. Therefore
t
XOU(D) = X() = [ ~uXO V() = (o) + paua(e) X (o)
There are three possible cases for any v € (s, t|, enumerated below.
1. If0 > XU (v) > X (v), then X (v)~ > X9~V ()", and so

XY (0)7 = (mua (v) + paua(v) X (v)
(s (v) + paua(v) (X0 ()7 = X(0)7)

~

—m X9V (v) = (paur (v) + pouz(v)) X~ (v)

IA A

3. If X9V (v) > X(v) > 0, then
— X7 (0) = (i (v) + poua(v)) X (V)" = =X Y(v) <0.

We conclude that
XO7U(t) - X(t) <0,

which is a contradiction. [}

We will additionally use the following property of the standard normal probability density
function ¢ and distribution function .



Lemma A.3 The function exp(x?/2)®(x) is increasing in x.

Proof:
We use relation 7.1.13 from [24]

o0 1
e”2/ e < ————— >0, (A.1)
@ T+ + 4

s

Observe that p

. ( P2 (g )) = 2" P0(x) + " ().

When = > 0, the right-hand side in the above expression is positive. Otherwise, when = < 0, by
the inequality (A.1),

o 1
e 20 (z) + € 2g(z) = ﬁ(// e‘f‘fdy)+_

©/V2 2
- x 1 n 1
ﬁ—x x2 4 V2
ﬁ—i_ 5t
C VatE e+
\/2W<Q—§+\/§+%)
> 0.

We conclude £ <ex2/ 2<I>(x)> > 0 for all z € R. m

Finally, it will be helpful to note that the second moments of the reflected Brownian motion
X% and Ornstein-Uhlenbeck X~V processes appearing in Lemmas A.1 and A.2 can be com-
puted explicitly. Specifically, Theorem 1.1 in Whitt [1] shows that when X #(0) is a deterministic
constant %,

E[X*(t)] (A.2)

() () ()i
(G ae) +83) (o (V)
oo () (5= (-0 (Vi el

Next, if B is a standard Brownian motion, then X©~Y solves the stochastic equation
t
XO7U(t) = XO7U(0) — o/t — / XO7Y(s)ds + /2uB(t)
0
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This integral equation can be solved explicitly by applying integration by parts to exp(p1t) X9~V (¢)
to find

XO7V(t) = X0V (0)exp(—put) - 6% (1 - exp(—ut)) + /21 / exp (—pui(t — s)) dB(s).
" (A3)
Hence,

X007 = (X Oexp () =0V (1 explgun)) )+ 2 ([ e (e - i)
42 (X<o>exp<—mt> =080~ expl-put) v [ expl-ut - s>dB<s>) |

and so the Ito isometry and the fact that the stochastic integral is a martingale imply

EXO7U(t)? = (X(O)exp(—ult) - 5%(1 —eXp(—mt)> +2u/0 exp(—2pu(t—s))ds. (A4)

Results Supporting the Proofs of the Results in Section 4

We require knowledge concerning the behavior of the sequence of steady-state distributions
under any admissible sequence of policies. The first result we discuss is the existence of a steady-
state distribution for X A(t; ) for any fixed \ and for any stationary policy 7 € II under a minor
additional condition.

Proposition A.1 Consider a fixed arrival rate A and a given policy 7 € 11 (omitted from the nota-
tion). Suppose that the process X (t) = (Z1(t) + Q(t), Z»(t)) is a time-homogeneous Markovian
and irreducible under the policy . Then, X (t) has a steady-state distribution.

Proof of Proposition A.1: The proof mimics the first part of the proof of Proposition 4.6 in [2],
and is therefore omitted.

The second results we require is the tightness of the sequence of the steady-state distributions

of the scaled processes )A()‘() as A — o0.

Proposition A.2 Consider a sequence of systems indexed by the arrival rate \ with staffing levels
N, working under a sequence of policies ™ = w(\, N*) € IL. Suppose that for each ) the

steady-state distribution of X A(-; ) exists. Then the sequence of these steady-state distributions
is tight as A—o0.

Proof of Proposition A.2: The proof mimics the second part of the proof of Proposition 4.6 in [2],
and is therefore omitted.



. - X -
Finally, we establish that the sequences [X ’\(oo)] and [X A(oo)} are uniformly integrable

(UI) as A—o0, under any sequence of policies 7 = 7* € II for which those steady-state distribu-
tions exist.

Proposition A.3 Consider a sequence of systems indexed by the arrival rate \ with staffing levels
N, working under a sequence of policies ™ = w(\, N*) € IL. Suppose that for each \ the

> . + . -
steady-state distribution of X*(-; ) exists. Then the sequences [X )‘(oo)} and [X A(oo)} are
uniformly integrable (UI) as A— <.

Proof of Proposition A.3 Consider a sequence of policies 7 = 7* € II, under which the process

X?(-,7) has a steady-state distribution for all values of \. By Proposition 3.2 in [3], we have for
all A\,
YR
0<@Q() <@3()
and .
ZA() = Ny < ZM() - N <0,

where Q%(+) is the queue length process in an M /M /N3 system with arrival rate ), service rates
N} i +N2 o

w2
servers process in an M /M /N} system with arrival rate ), service rate j; and number of servers

N)\ _ N} 1 +N3 o
C 1 °

o and number of servers Ny = { J Similarly, ZA(-) is the total number of busy

To complete the proof we need to establish that the sequences Q\%]%O) and ZéL\/%Né are

z(voj) and 22 (OOZ)V:Né

in [31] and by an argument paralleling thBe proof of Cocrollary 1 in [31]. The result then follows by

. . /N3 . v/ N2
noting that lim, ., Wf =, /}% and limy_, o WAC =, /-/f—l. ]

uniformly integrable. But note that ek are uniformly integrable by Theorem 1

B Proofs of Results in the Main Body of the Paper

Proof of Lemma 2.1:
Consider a fixed policy 7 (omitted from the notation). Then it follows from the system dynamics
equations (2.6) and (2.7) and the identity I, (t) = N, — Z(t) for all ¢ > 0 that

X() = X00)+ A0 ~ S (DuCT0) o) + > [ (s - (Z MkM) :

k=1 k=1

Proposition 2.1 shows that
Ti(t) _ Jo Zu(s)ds

= — q, a.s.,
; ; qk




as t — oo. Hence T} is an increasing process and 7} (t) — oo as t — oo. Recalling that Dy, is a
Poisson process with rate ji, we find

S Dy (1) — i Te(t) = Tilt) ( Di(Ti(t))
: : =2 (P

as t — oo. Therefore, dividing by ¢ and letting ¢ — oo in (B.1) yields the equation

— uk) — 0, a.s.,

0= A+ mE [[1(00)] + p2E [I2(00)] — p11 N1 — piaNo.

Combining the above equation with the equality FI,(0c0)/EI(oc0) = f; yields the results of the
lemma.

Proof of Lemma 3.1:

(i): The existence of a strong solution to (3.1) follows by an argument similar to that in Proposition
I in [32]. (Although the multidimensional diffusion appearing in their Proposition 1 has continu-
ous drift, their arguments are not affected by the possible discontinuity in our drift. The key is that
the infinitesimal drift does not grow superlinearly.) Note that the definition of a strong solution in
5.2.1 in Karatzas and Shreve [34] requires that X have continuous sample paths.

(ii): By Theorem (54.5) in Rogers and Williams [39], it is sufficient to observe that the speed
density associated with X under an admissible control u € Up

1
2uexp (’71 [T m(y, u)dy)

1 5 1 ,
= ﬂexp (ﬁ(l —x) — 5 (urper + ugpn) (z° — 1)1{z < O}) , forallz € R

d(z) :=

has finite mass; i.e., that

/OO d(z)dz < .

o0

(iii): The fact that X has a unique steady-state distribution implies that as t — oo,
X(t) = X(c0). (B.1)
The continuous mapping theorem then implies that as ¢ — oo

X ()" = X(oc0)* and X (£)™ = X(c0)~. (B.2)



The process X is Markovian, and so

wilt) =i (X(1)), i € {1,2},
which implies A
wi(t) = u;i(00) == u;(X(00)), i € {1, 2}.

Theorem 4.2 in [44] provides conditions under which multiplication is continuous in D x D, and
these are easily seen to be satisfied because X is continuous a.s.. Hence the continuous mapping
theorem also implies that

u; () X (1) = ui(00) X (00), i € {1,2}. (B.3)

We now establish that the families {X (¢) : ¢t > 0}, {X(t)* : ¢t > 0}, {X(t)~ : ¢t > 0}, and
{u;()X(t)} : t > 0},i € {1,2} are all uniformly integrable. Let X® and X~V be the reflected
Brownian motion and Ornstein-Uhlenbeck processes appearing in Lemmas A.1 and A.2. It follows
from these same Lemmas that

X ()] < | X))+ | XY (t)| forall t > 0.
Furthermore, note that since 0 < u;(¢) < 1forallt > 0, € {1,2},

0 < X()* VX))V u ()X ()] V lux() X ()] < [X(1)].

The explicit expressions for the transient second moments of X* and X 9-U in (A.2) and (A.4)
imply that there exists a M independent of ¢ such that

EX%(t)* < M and EX©7Y(t)? < M forall t > 0.

Hence {X2(¢) : t > 0} and {X9Y(t) : t > 0} are uniformly integrable families. We conclude
that the families {X(t) : t > 0}, {X ()" : ¢t > 0}, {X(¢) : ¢t > 0}, and {w;(1)X(¢) : ¢t >
0},i € {1,2} are all dominated by uniformly integrable families and so are themselves uniformly
integrable.

The weak convergences in (B.1)-(B.3) and the uniform integrability established in the previ-
ous paragraph imply that as { — oo

slee] - ol
[ t): — EX(OO):|
[ w®X ()] = B lulo)X( )},ieu 2)

The stated limits now follow. [}



Proof of Lemma 3.2:
Let u € Up be an admissible control. Then (3.6) implies that

pV" (@) + m(z,u)V'(x) + 2t + Az —d) > & (B.4)

for all = € R. Define T}, := inf{t > 0 : |X(¢)| > n}. By (3.1) and Ito’s formula,

tA\Ty

v (£(AT)) = VXO)+ /0 " V(R () +m(X (s), u(s))V (X (s))ds+/2h /0 V(X (s))dB(s).

Since V' is continuous and | X ()| < n for all t < T,,, the stochastic integral is a martingale, and
SO

E [voz(t A Tn))] — EV(X(0))+ E [ /0 T V(R (s)) + m(X (s), u(s))V’(X’(s))ds} .
We conclude from (B.4) that

E UMT" X(s)"+ A (X(5)7 - d) ds] +5 [V(X(tAT)| 2 BV(X(0)+kE[EAT). (BS)

We next argue that taking the limit as n — oo on both sides of the inequality in (B.5) shows
t
E U X(s) + A (qur . d) ds} o [V(X(t))] > EV(X(0) +xt.  (B.6)
0

The sample paths of X are continuous a.s., and so ¢t A T}, — t a.s. as n — oco. Futhermore,
t N'T,, <t for all n and so dominated convergence implies

lim E[t AT,] = t.

n—oo

Monotone convergence implies

lim £ [/OMT” X(s)" + AX(S)_dS} _B UotX(sﬁ + A)A((s)_ds} |

n—oo

Ito’s formula applied to the function z? yields

AT, AT,
X(tAT,)? = X(0)2+2ut—25\/ﬁ/ X(s)ds+2\/2u/ X(s)dB(s)
0 0
tAT),

+2 i X(s) (ulul(s)f((s)_ + uqu(s)f((s)_> ds.

By Lemma A.2, XO~U(t) < X(t) as. for all ¢t > 0. Therefore, also noting that X (£)X (£)~ < 0
forallt > 0,

tATy, tATy, .
X(tAT,)* < X(0)*+2ut — 25\/ﬁ/ XOY(s)ds + 2~/2u/ X(s)dB(s).
0 0

9



The explicit expression for an Ornstein-Uhlenbeck process (A.3) then implies, noting that the
stochastic integral is a martingale,

t
EX(tAT,)? < X(0)? + 2ut + 26,/uEX(0) / exp(—p1s) + 5\/—ﬁ (1 —exp(—p15s))ds.
0 H1
By assumption, V (X (t A T},)) < by X (t A T},)? + by for all £ > 0, and so dominated convergence
implies

~ ~

EV(X(tAT,)) — EV(X(1)),

as n — 00. We conclude the inequality (B.6) is valid.

Finally, we divide by ¢ and take limits as ¢ — oo on both sides of the inequality (B.6) to
establish

1 b .
tlim ;E/ X(s)" +A(X(s)” —d)ds > k.
— 00 O

(Note that the limit exists by Lemma 3.1 part (iii).) By assumption, V(X’ 0)) < bl)E' (0)? 4 by and

EX(0)? < 00, and so
1 A
JEV(X(0) =0

as t — oo. Therefore, to complete the proof, it is sufficient to show

lim M =0. B.7)

t—o00

Let X% be a reflected Brownian motion, as in Lemma A.1. By assumption, Lemma A.1, and
Lemma A.2, there exist versions of the respective processes such that

V(X (1) <X () + by < by (XE()* + XO7V(1)?) + b

It follows from equation (A.2) and Corollary 1.1.1 in [1] that EX R(t)2 converges to a finite limit
as t — oo. Hence
EXE(t)?
t
as t — oo. Furthermore, equation (A.4) implies that
E XO—U (t)2
t

— 0,

— 0,

as t — oo. We conclude that as ¢t — oo
|EV (X (1)) < E|V(X(t)) b (EXH(t)? + EXO7U(t)%) 4 by
t - t - t
and so (B.7) holds m

— 0,

Proof of Lemma 3.3:
Suppose # is a threshold control at level L, meaning « satisfies (3.7) and the infinitesimal drift m
satisfies (3.8). Exactly as in the proof of Lemma 3.2, for T}, := inf{t > 0 : | X (t)| > n},

E V(X(t/\Tn))] — EV(X(0))+ E UO ”MV”(X(S))+m(X(s),u(s))v’(X(s))ds .

10



It then follows from (3.9) that
tAT,
E [ X(s)* + 4 (X(s)— - d) ds} +E [vo%(t A Tn))] = EV(X(0)) + kE[t AT).
0

The exact same arguments as in the proof of Lemma 3.2 establish that

lim B AT, = t
tA\Ty, R R t R R
lim E {/ X(s)" + AX(s)ds} = E [/ X(s)"+AX(s) ds

lim EV(X(tAT,)) = EV(X(t),

and so
E [/ X(s)" 4+ A(X(s)” — d)ds} + EV(X(t)) = EV(X(0)) + &t.

Again as in the proof of Lemma 3.2,

EV(X(1))

lim =0.

t—o0

The threshold policy is admissible, and so it follows from Lemma3.1 that

- E | fy X(s)" + £X(s) ds]

t—o00 t

= EX(00)* + AEX (00)™,

We conclude that
EX(c0)t + A (EX(OO)_ - d) = K.

Proof of Lemma 3.4:
Note that f(0,0) = 0, and, therefore, the condition (3.13) implies

1 1 1 .
—— — > f(0,0) + h (—) .
AR 10,0 o2 \ V12
It is well known that the hazard rate function associated with the standard normal distribution is
increasing. Furthermore, f(0, L) is increasing in L. To see this, note that

o) = \/?exp(;z) <dngsL(\C— }_))((((f)q’g«%L %;))

> 0,

because

11



1. The hazard rate function associated with a standard normal random variable is increasing;
2. @ is an increasing function;

3. It is shown in the Internet supplement to [49] that x + h(z) > 0 for all x € .

To complete the proof, note that the right-hand side of (3.10) increases to oo as L — oo. ]

Proof of Proposition 3.1:
We first show that the function V'’ defined in (3.11) has

V'(z) <0 forall z< —L% (B.8)
V'(z) >0 forall ze€ (—L%,0]. (B.9)

Since V'(—L% ) = 0, showing that the function V’(x) is increasing for all z < —L?% establishes
(B.8). From Lemma A.3, the function

o (3 5o )

is increasing in x, and so V’(x) is increasing for all x < —L% . To establish (B.9), first define the
function

r) = \/Z_l \/(L_l— A E — \/(L_l-i-x ;
0 = o= (o (- ey/3) o (G5 /%)
1¢<¢%—L2ﬁ>+6 5 ((D(a ul)_q)(a .. u))

— +4/—z

VH2 d <\/L‘T2 — L% /%) M2 1 vV H2 M

Vv H ° 2

and note that

V(z) = A\/izlrexp (% (\/% + %m)Q) g(x) forz € [~L3,0] .

1 0 M1 )2
exp | = +.,/—x > 0 forall z € R,
P <2 (\/Ml V u

and V'(L7 ) = 0, it must be that g(L% ) = 0. Hence to establish (B.9), it is sufficient to show that
the function ¢ is increasing in « for all z € [— L%, 0]. For this, note that

0+ B (o2 (o) (55
o o) (G (5555

12

Since




as in item 3. in the proof of Lemma 3.5 above.

The inequalities (B.8) and (B.9) imply that the differential equation in (3.6) in the condi-
tions of Lemma 3.2 is exactly the differential equation in (3.9) in the conditions of Lemma 3.3.
Furthermore, as discussed directly following (3.12), there exist constants by, b, € R such that

|V ()| < biz® + by forall z € R.
Therefore, by Lemmas 3.2 and 3.3, for  as defined in (3.12),
E[fX(s)t+AX(s)” —d)d
hm 1nf fO <S> + ( (S) ) S

t—oo t

> k= EX*(c0)t + A(EX*(00)™ —d).

Proof of Lemma 3.5:
We first show that there exists an 0 < L < oo such that under a threshold control at level L, letting
X, to be the associated solution to the stochastic equation (3.1),

EX(c0)” =d.
By the nature of the threshold policy with a threshold level L we have that

EX(00)” = E[Xy(c0) | XL(00) < —L]P(Xp(00) < —L)
+E[X(00)7| = L < Xp(00) < 0]P(—L < Xp(00) < 0),

where the expression for E[X(00)” | Xp(00) < —L], P(X(00) < —L), E[X (c0)7| — L <
Xp(00) < 0]and P(—L < Xp(00) < 0) are given in (3.15)-(3.19).

It then follows that

. Tpa 2 @ 5
lim BX,(00)” = — ”’gm) _ 5V
L—0 1 4 ﬂ ¢<\/T—2) H2

1 s
lim EXp(00)” = " 8 (I’(g\/ﬁ) _ 5\/ﬁ'
L—oo 14 ﬂqb(ﬁ) M1

The assumption that 11 < po implies that

O/t 0/t O\/H
< < , for0 < f1 < 1.
M Jipn + (1 = f1)pe fh1 S

Since EX (c0)~ is a continuous function of L and

0V

4= Jin + (1= fi)ps’

13




there must exist a finite Z > 0 such that EX,(c0)™ = d.

To finish the proof, it is enough to show that for any Ly > 0 that satisfies EX,(c0)™ = d,
there exists a unique A* that satisfies condition (3.13) such that L*(A*) defined by equation (3.10)
equals Lq. In particular, for Ly such that EX [, (c0)™ = d, there must exist A* such that L*(A*) =
Ly.

Recall from the proof of Lemma 3.4 that the functions f and %h (L1 /% — \/L/T) are in-
creasing in L. Therefore, it follows from equation (3.10) that L, is decreasing in 2. Furthermore,
Ly — o0

as the penalty parameter A — 0, and
Ly — 0,

as the penalty parameter A increases to the upper bound in condition (3.13); i.e., as

02 5 (=6 \\
N — (— + —h ( )) .
M2 /M2 vV H2
We conclude that for any Ly > 0, there exists A* such that L*(A*) = Ly and A* satisfies condition
(3.13). n

Proof of Theorem 3.1:
The proof of Theorem 3.1 is immediate from Lemma 3.5 and the argument at the beginning of
Section 3.3. ]

Proof of Proposition 4.1 First note that X, o = Xﬁ; and X, ; = X .. In particular, E[X,0(c0)]” =
E[X¥(00)]™, and E[X,(c0)]” = E[X](c0)]~. Therefore, in view of (4.3) and (4.13) it is suffi-

cient to show that £[X, . (co)]™ is continuous in y. We establish this continuity by examining the
steady-state distribution of X, ., obtained from [11].

Fix n > 0. By (18.28) and (18.33) of [11] we have that the density f,(-) of )A(m in steady-

state satisfies: )

Cihl(e) @20
Confolx) —L4+n<z<0

fy(@)=4q Cs,f3,(z) —L<z<-—-L+n (B.10)
Cyyfrny(x) —L—n<z<-L

Csfs(x) o< —L-—n,

where
i) = o {or/ V7).

&¢ (x+5\/ﬁ/,u1>
® Vv i/m
f2($) = )
b <5ﬁ/u1> _ P (—L-HH-(S\/E/IM)

\ B/ \ B/
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(b ) (2520
f3q(7) = o <_L+:—:@3H> (_ (Ib) (2’“3,7) )

b3, b3,

(A=) L(p2—p1)(n=L)/n=6/p

. _ 1
with ms~ = i+ (=) L(pa—p1) /1 and 637 \/u1+(1—v)L(u2—u1)/n'
(64,7) 1¢ (bejA/)
f477<x) = L L ’
P (— —mzm) _ P (w)
b4,7 b4v"/
. _ _2E(p2—p)(ntL)/n+dVR #
with my , = pataLn i A bay = [y and

(x+5f/,u2>
u/#g
fs(z) =

P (_L 77+5f/ll2>

u/ B2

By continuity, C'y , ..., C5 , satisfy
C’1,’yfl (0) = 02,'yf2(0)a

Copnfo(—L+1n) = Csy f35(—L + 1),
Cs fay(—L) = Canfan(=L),
Cinfiy(=L —n) = Cs5 fs,(—=L —n),
and

5
Z C
=1

Note that all of the expressions for f; ,(x) for z = 0, —L + 1, —L and —L — ) are continuous in vy
and none are equal to 0 or to +00. Therefore, C' ,, ..., C5 , are continuous in . Finally, by (18.29)
of [11] we have that

_ 5 ¢ <8i+ll;‘_mm) _ ¢ <Sz;mm>
E [Xn,'y(oo)] = Ciny | Miy + biy S,,n:,v N ::n ) (B.11)
2 o (52e) -0 (2o
7,7y 7,7y

where my ., = —6.\/1t/ 1, bayy = /1)1, M5y = —0\/11) pha, by = / 14/ 12, and s, = 0,53 =

—L+n,s4 = —L,s5s = —L—n,and s = —o0. Since all the components in (B.11) are continuous
in y and the denominators are all non-zero and finite, we have that E[X, - (oco)]~ is continuous in

5. m

Proof of Proposition 4.2 Proposition 4.1 establishes i. Therefore, to complete the proof of the
proposition it is sufficient to show that E[X, ., (c0)]" converges to E[X (co)]* asn | 0. Notice
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that in light of (4.12) it is sufficient to show that lim,,_. E[)A(f](oo)]Jr — E[X(oc0)]" and that
lim, o E[X}/(00)]" = E[X(c0)]". We show the former. The latter follows similarly.

To show that lim, o £ [)A(f](oo)]Jr — E[X(00)]* we explicitly derive the expressions for the
steady-state distributions of the processes involved, and then establish the desired convergence.
We start with the process X. By (4.6) and [11] we have that the density g(-) of X in steady-state

satisfies:
bigi(z) >0

g(x) =< baga(z) —L<x<0
bsgs(x) = < —L.

Where 5
g1(x) = —exp{—dx/\/1u},
1(2) i {—oz/\/n}
ﬂqb (x-i-é\/ﬁ/ul)
® \ 1/
gQ(x) = )
) dy/1n/ 1 - P —L+6/1n/ 11
Vil i
and
ﬂgb $+5\/ﬁ/,u2
K \ B/ p2
gs(x) = )
P —L+6\/1/ 2
\ B/ 12

By continuity of the function g(x) the constants b; satisfy:

b191(0) = b2g2(0),
and
baga(—L) = bsgs(—L).
Finally, because g(x) is a proper density function we have
by + by + b3 = 1.

Solving for b; we obtain

92(0)g3(—1L)
92(0)g3(—L) + 91(0)g3(—L) + 91(0)g2(—=L)

b1:

Finally, we have

E[X ()|t =0 /000 zgy(z)dr = b1$.

Next we develop the expression for £ [)A(f](oo)]Jr By (4.8) and [11] we have that the density
fo(z) of X in steady-state satisfies:

cinfilr) >0
o Cgmfg(l’) —L<x<0

fn($) CS,nfS,n($> —L—-—n<xz<-—L,
Capfon(x) o< —L—n.
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Here fi(z) = g1(x) and f3(z) = g2(x), and
b ()

f3,77(:c) = & —L—ma., 5 —L—n-ms., )
b3, b3,n
: _ b _ 0/mtL(pe—p)(L+n)/n 1
with bs = \/ h2+L{nz—p1)/n and ms,y = watLn—pnm - Finally,

&¢ z+8\/1t/ 2
® \ 1/ w2
f4,n = .
P —L—n+0\/i/p2
\ K/ 12

By continuity of the function f, () the constants c; , satisfy:

Cl,nfl (0) = CQ,Uf2(0)v

confo(—L) = c3f3,(—L),
and
3 fan(—L —n) = cayfoy(—L —n).
Finally, because f, () is a proper density function we have

01777 + CQm + Cgm + C4’77 =1.

Solving for ¢, ,, we obtain

f2(0) fan(=L —n) _
12(0) fan(=L =) + f1(0) fan(—L — 1) + F1(0) o~ L) (LraltgiitbiaClon))

Cin =

Finally, we have
E[Xé(OO)]+ = 61»77/ xfl(x)dx — Cl”l%'

0
In particular, we observe that lim,_., E[)A(é(oo)]Jr — E[X(co)]* if and only if lim, oc;, = b;.
To establish the latter we make the following three key observations:

Observation 1: lim,, .o f1,(z — 1) = g3(x), Vo < —L.
Observation 2: lim,,_.o f53,(—L) = oo.

. ST fan(=L—n)
Observation 3: lim,,_ m 1
In light of these observations, given the expressions for c; ,, and b; the proposition immediately
follows. Observation 1 is trivially true by the continuity of the functions ¢ and ®. To prove Obser-

vation 2, note that
—L — 77’L3777 o 5\/ﬁ - ,ulL

b Vi(pe + Lps — 1) /m)

17




and that

—L—n—msy _—L—may +/pon’+ Ln(us — i)

b3,77 bS,n \/[_]J
In particular,
L — L —p—
lim ——— 80 gy D= Mam _ .
n—0 b37"7 n—0 b3777

Also note that lim, ., b3 ,, = 0. Therefore, Observation 2 follows from:

f3,77(_L

= : — 00, asn—0.
d —L-m3n\ o —L—n—mg3
b3,1 b3,
Finally, the above expressions also establish Observation 3, as

—L—n-—ma, )

fual-L—n) _ 0 () e
f3n(=L) b <—_Lb_m3m> 1/\/_

3,m

=1, as n—0.

]
Proof of Proposition 4.3

Recall that our policy is a special case of the QIR policy proposed in [26]. In particular, by
Theorem 3.1 of [26], it is sufficient to establish that v;(+), i = 1,2 is locally Holder continuous on
the open interval (0, co) for some exponent «;, in order to establish state-space collapse. We show
that v;(+) is locally Holder continuous with exponent «; = 1.

Let K be a compact interval of (0,00) such that K is a subset of one of the following
intervals: (0, L—n), (L—n, L], (L, L+n] or (L+n, c0). Then on K we have that v;(z) =
for some interval dependent constants C'; x and C . We wish to show that for all z,y € K we
have |v;(z) — v;(y)| < Ck|x — y| for some constant C. Since the functions v; are continuous, this
will complete the proof. Let C}, = sz , where K = inf . x x. Note, that by compactness of K we
have K > 0. Suppose that z > y, then

—Y < Cklz —yl.

) = )] = el (5 = 7 ) = Canl”
[}

Proof of Proposition 4.4 As in the proof of Proposition 4.2 in [2] (see (A.19) there), X satisfies
the following decomposition:

XNt) = XN0) + Zhettaiy gV Ity

VA
F32 e Y IX(s)]ds — ijﬁNkH VNLQ+0(1)

:X)‘(O)_‘S\/_thZk 1:ukfo |~ds + F)"' o(1)

= XX0) = S/t + Sy i fo XA o ([XA(s)] ) ds + N1) + 228+ o(1),
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where M*/v/ N* = B, where B is a Brownian motion with zero drift and infinitesimal variance
241. Also, by Proposition (4.3) we have that sup;<r|e*(t)|—0 as A—oo. Applying the continuous

mapping theorem to the process X* establishes that X* = X It is left to show that weak conver-
gence of the scaled queue length and number of idle servers processes holds. But this part easily
follows from the continuous mapping theorem and Proposition 4.3. ]

Proof of Theorem 4.1: The theorem follows from Propositions 4.4, A.1, A.2, and A.3. [}

Proof of Theorem 4.2: For clarity of presentation, we drop the policy 7’ from the notation. It is
useful to first write the process X in (2.29) in terms of the diffusion-scaled processes

. AME) — Mt . D} (N M) — N it
A’\(t) = —( ) and D,?(t) = A ) Hr
VA VN
as follows
. A 2
) = X0+ 540 =D D (Thw)
k=1
A Zkz 1:“l<:NkA 1 & /t A
+ t— I (s)ds
Next define

and note that

. . A - A= S0 N .
XM(t) = XN0) + —AA(t)—ZD,ﬁ(Tz(t)>+< Z\/ﬁ“ )t—ﬁ(t). (B.12)

It follows from assumptions (A1), (A2), and Proposition 2.1 that
=X Y
T,.(t) = / Z,.(s)ds — tqy, v.0.c., as.,
0

as A\ — oo. Let e(t) = t for all ¢ > 0 be the identity process and let B be a standard Brownian
motion. The functional central limit theorem, random time change theorem, continuous mapping
theorem, and assumptions (A3) and (A4) establish

A AN - DA A )‘_Zi:ﬂ%Né\ 5 B
e (t) =) DpoTy+ o e = —0\/i+\/2uB, (B.13)

as A — oo, also noting that ¢; + ¢ = 1 by (2.17).

Proposition 1 in [7] establishes that (X A,f*) is tight in D. Consider any subsequence on
which
(X 2%) = (£.),
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as A; — oo. The same arguments in Lemma 6 in [5] that establish the process 7> satisfies the
assumptions of Lemma 5 in [6] (which is a very special case of a result in [35]) hold in our
setting®. Hence by Lemma 5 in [6],

/ A (s) = / dZ(s), (B.14)
0 0
as \; — oo. For each );, it follows from the definitions of Z* and the fact that I} (¢) + I}(t) =
[X A(t)} that

" [Xxi(t)} < AT () < o [Xxi(t)} ~forallt >0,

and so also B B
" [X(t)} < dI(t) < po [X(t)} for all £ > 0.

Then, there exist unique processes u; and uy having u;(t) € [0, 1] and us(t) € [0,1] forall ¢ > 0
such that

(i (1) + pua(0)) | X ()| = dZ(2). (B.15)

Therefore, along the subsequence )\;, from the expression for X*in (B.12), the weak convergences
in (B.13) and (B.14), the equivalence in (B.15), and the continuous mapping theorem,

XN = X,
where X satisfies the stochastic equation (3.1) under control @ = (uy, us).

The control # is admissible because Assumption (AS5) guarantees condition (C1) is satisfied,
and (B.15) shows condition (C2) holds. Furthermore, as in the proof of Lemma 2.1,

0= X + mE [I}(00)] + poE [Iy"(00)] = pn N7 = o Ny
Since I} (00) + I (00) = X*i(00)~, it follows that

0= X + (1 — p2) E [I"(00)] + po B [X?¥(00) 7] = pn N = o Ny,

and so [A)\ }
\/1N_1\iE [;Aizoo)—] = (1 — p2) z [X’Ai(oo)—] + La.

The definition of asymptotic feasibility and assumption (A3) then show that taking limits in the

% = (1 — p2) f1 + po,
E [X(oo)—}

above equation yields

3To see this, it is useful to realize that the process VAT equivalent to the process ()7 appearing in Lemma 6 in [5],
and that [5] refers to the arguments used to establish Lemma 6 in [6], in which the process Q)T appearing in Lemma 6
in [5] is equivalent to the process Y " appearing in Lemma 6 in [6].
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or, equivalently,

. )
E [X(oo)_] - Vit .
prfi+ (1= fi)pe
We conclude that the conditions of Theorem 3.1 are satisfied, and so

. + .
E [XZ*(OO)] <E [X(oo)+] .
Since the subsequence \; was arbitrary,

liminf F [)A(A(oo; 7r)+} .

A—00
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