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Overview

Figure 1: This figure shows the relationship between the six month cumulative equity market return and
the six month lag of the VIX in red, as well as the relationship between the six month cumulative 1-year
Treasury return and the six month lag of the VIX in blue. Both nonlinear relationships are estimated using
reduced rank sieve regressions on a large cross-section of stocks and bonds. The y-axis is expressed as a ratio
of returns to the full sample standard deviation. The x-axis shows the VIX.

occurred in the aftermath of the Lehman failure, this logic reverses, and a further increase

in the VIX is associated with lower stock and higher bond returns. The latter finding for

very high values of the VIX likely reflects the fact that severe financial crises are followed by

abysmal stock returns and aggressive interest rate cuts, due to a collapse in real activity.

What is most notable is that a linear regression using the VIX does not forecast stock

or bond returns significantly at any horizon. Nonlinear regressions, on the other hand, do

forecast stock and bond returns with very high statistical significance and reveal the striking

mirror image property of Figure 1. We study the nature of the nonlinearity and mirror

image property in a variety of ways, using kernel regressions, polynomial regressions, as well

as nonparametric sieve regressions. In all cases and on subsamples, we find pronounced

2

1 Literature is mixed on whether volatility predicts returns

- although there is a strong, negative contemporaneous correlation

2 This paper finds a non-linear and non-monotonic relationship for equities
and treasuries

3 Equity and treasury expected excess returns are mirror images
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Estimation by sieve regression: how it works

Estimate expected h-period excess return function φh of VIXt :

Rxt+h = φh(VIXt) + εt+h

• using linear combinations of m B-splines:

φm,h(VIX ) = Σm
j=1γj · Bj(VIX )

• let m→∞ slowly as sample size T →∞

• Nice and simple: estimate γj ’s by OLS on the (m × T ) matrix with
columns [Bj(VIX1), . . .Bj(VIXT )]′, j = 1 . . .m
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Results very similar using cubic polynomials

Figure 4: Univariate Nonparametric and Polynomial Estimates of �i
h(v)

This figure shows sieve, polynomial, and kernel estimates of the nonlinear volatility function
�i

h(v) from univariate predictive regressions Rxi
t+h = �i

h(vt)+"t+h, where Et[Rxi
t+h] = �i

h(vt).
The superscript i indexes separate regressions in which the left hand side variable is either
equity market excess returns (solid line) or 1-year Treasury excess returns (dashed line). In the
top panel, the sample consists of monthly observations on vt = V IXt from 1990:1 to 2014:9,
whereas in the bottom panel, the sample consists of monthly observations from 1990:1 to 2007:7.
In both panels, the forecast horizon plotted is h = 6 months. Within each panel, the left plot
shows the nonparametric sieve estimate of �i

h(vt), where the number of B-spline basis functions
used in the estimation is chosen by out-of-sample cross validation. The middle plot shows a
parametric cubic polynomial regression where �i

h(vt) = ai
0 + ai

1vt + ai
2v

2
t + ai

3v
3
t , and the right

plot shows �i
h(vt) estimated by a Nadaraya-Watson kernel regression, where the bandwidth was

chosen by Silverman’s rule of thumb. The y-axis was rescaled by the unconditional standard
deviation of Rxi

t to display risk-adjusted returns.

�i
h(V IX) 1990:1 to 2014:9

�i
h(V IX) 1990:1 to 2007:7

45

• Using VIX , VIX 2, VIX 3 produces very similar estimates

• note: VIX > 45 only occurs in 2008/9
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Estimates
1990 - 2007

Table 3: Nonlinear VIX Predictability using the Cross-Section: 1990 - 2007
This table reports results from three predictive sieve reduced rank regressions (SRRR) for each of h = 6, 12,
and 18 month ahead forecasting horizons: (1) estimates of ai

h and bi
h from the SRRR Rxi

t+h = ai
h+bi

hvt+"i
t+h

of portfolio i’s excess returns on linear vt = vixt; (2) estimates of ai
h and bi

h from the SRRR Rxi
t+h =

ai
h + bi

h�h(vt) + "i
t+h of portfolio i’s excess return on the common nonparametric function �h(·) of vt = vixt;

(3) the same regression augmented with controls f i · (DEFt, V RPt, TERMt, DYt)
0 representing the default

spread (DEF, 10-year Treasury yield minus Moody’s BAA corporate bond yield), the variance risk premium
(VRP, realized volatility minus VIX), the term spread (TERM, 10-year minus 3-month Treasury yields), and
the S&P 500’s (log) dividend yield. The index i = 1, . . . , n ranges over the CRSP value-weighted market
excess return and the seven CRSP constant maturity Treasury excess returns corresponding to 1, 2, 5, 7,
10, 20, and 30 years to maturity. The sieve reduced rank regressions are introduced in section 3 in the text.
***, **, and * denote statistical significance at the 1%, 5%, and 10% level for t-statistics on ai and f i and
for the �2-statistic on bi�h(·) derived in Proposition 1. The joint test p-value reports the likelihood that the
sample was generated from the model where (b1, . . . , bn) · �h(·) = 0.

Horizon h = 6

(1) Linear VIX (2) Nonlinear VIX (3) Nonlinear VIX and Controls
ai bi ai bi ai bi f i

DEF f i
VRP f i

TERM f i
DY

MKT 0.03 1.00 0.72 1.00 0.25 1.00 �0.03 �0.84* 0.00 0.12
cmt1 0.00 0.23** �0.09 �0.16*** �0.15 �0.59*** 0.01 0.03 0.00* 0.03***
cmt2 0.00 0.29 �0.16 �0.28** �0.22 �0.92*** 0.01 0.10* 0.00 0.03***
cmt5 0.01 0.30 �0.31 �0.53* �0.34 �1.57*** 0.00 0.25* 0.01 0.03*
cmt7 0.03 0.18 �0.36 �0.62* �0.35 �1.75** �0.01 0.31* 0.02 0.02
cmt10 0.04 �0.23 �0.37 �0.62 �0.32 �1.74* �0.03 0.36* 0.02* 0.02
cmt20 0.06 �0.16 �0.42 �0.72 �0.31 �1.95 �0.05 0.46** 0.03**�0.01
cmt30 0.05 �0.27 �0.51 �0.85 �0.35 �2.25 �0.06 0.58** 0.04**�0.03

Joint p-val 0.058 0.001 0.000

Horizon h = 12

(1) Linear VIX (2) Nonlinear VIX (3) Nonlinear VIX and Controls
ai bi ai bi ai bi f i

DEF f i
VRP f i

TERM f i
DY

MKT 0.09 1.00 0.46 1.00 �0.01 1.00 �0.03 �0.52* 0.00 0.16
cmt1 0.00 �2.09** �0.08 �0.23*** �0.12 3.25*** 0.00 0.03 0.00 0.03***
cmt2 0.00 �3.21* �0.13 �0.40*** �0.18 5.27*** 0.00 0.07* 0.00 0.03***
cmt5 0.00 �4.69 �0.24 �0.72** �0.31 9.32*** 0.00 0.12 0.01 0.04
cmt7 0.01 �3.98 �0.28 �0.84** �0.33 10.77***�0.01 0.13 0.01* 0.03
cmt10 0.03 �0.71 �0.27 �0.80* �0.33 11.27** �0.03* 0.14 0.02** 0.04
cmt20 0.04 �1.06 �0.33 �1.00* �0.34 13.10** �0.04** 0.14 0.03** 0.01
cmt30 0.04 �1.15 �0.40 �1.17* �0.39 15.27** �0.06** 0.16 0.04*** 0.00

Joint p-val 0.008 0.001 0.000

Horizon h = 18

(1) Linear VIX (2) Nonlinear VIX (3) Nonlinear VIX and Controls
ai bi ai bi ai bi f i

DEF f i
VRP f i

TERM f i
DY

MKT 0.11 1.00 0.57 1.00** 0.13 1.00 �0.03 �0.54** 0.00 0.13
cmt1 0.00 �0.36** �0.07 �0.17*** �0.11 �0.92*** 0.00 0.05** 0.00 0.03***
cmt2 0.00 �0.59 �0.13 �0.30*** �0.19 �1.55*** 0.00 0.11** 0.00 0.03***
cmt5 0.00 �0.93 �0.24 �0.55*** �0.35 �2.83*** 0.01* 0.19** 0.00 0.05*
cmt7 0.01 �0.86 �0.27 �0.63*** �0.39 �3.28*** 0.00** 0.22** 0.01* 0.05
cmt10 0.03 �0.25 �0.25 �0.59*** �0.40 �3.44***�0.01** 0.24** 0.01** 0.06
cmt20 0.04 �0.45 �0.29 �0.70** �0.41 �3.81***�0.02** 0.20* 0.02** 0.03
cmt30 0.03 �0.43 �0.37 �0.85** �0.50 �4.55***�0.03** 0.25** 0.03*** 0.03

Joint p-val 0.019 0.000 0.000

58

1990 - 2014

Table 2: Nonlinear VIX Predictability using the Cross-Section: 1990 - 2014
This table reports results from three predictive sieve reduced rank regressions (SRRR) for each of h = 6, 12,
and 18 month ahead forecasting horizons: (1) estimates of ai

h and bi
h from the SRRR Rxi

t+h = ai
h+bi

hvt+"i
t+h

of portfolio i’s excess returns on linear vt = vixt; (2) estimates of ai
h and bi

h from the SRRR Rxi
t+h =

ai
h + bi

h�h(vt) + "i
t+h of portfolio i’s excess return on the common nonparametric function �h(·) of vt = vixt;

(3) the same regression augmented with controls f i · (DEFt, V RPt, TERMt, DYt)
0 representing the default

spread (DEF, 10-year Treasury yield minus Moody’s BAA corporate bond yield), the variance risk premium
(VRP, realized volatility minus VIX), the term spread (TERM, 10-year minus 3-month Treasury yields), and
the S&P 500’s (log) dividend yield. The index i = 1, . . . , n ranges over the CRSP value-weighted market
excess return and the seven CRSP constant maturity Treasury excess returns corresponding to 1, 2, 5, 7,
10, 20, and 30 years to maturity. The sieve reduced rank regressions are introduced in section 3 in the text.
***, **, and * denote statistical significance at the 1%, 5%, and 10% level for t-statistics on ai and f i and
for the �2-statistic on bi�h(·) derived in Proposition 1. The joint test p-value reports the likelihood that the
sample was generated from the model where (b1, . . . , bn) · �h(·) = 0.

Horizon h = 6

(1) Linear VIX (2) Nonlinear VIX (3) Nonlinear VIX and Controls
ai bi ai bi ai bi f i

DEF f i
VRP f i

TERM f i
DY

MKT �0.01 1.00 1.00* 1.00*** 0.31 1.00*** 0.05**�1.42***�0.01 0.17
cmt1 0.00 0.07* �0.05* �0.07*** �0.09** �0.20*** 0.00 0.03* 0.00* 0.02***
cmt2 0.01 0.09 �0.11* �0.14*** �0.15* �0.32*** 0.00 0.08** 0.00 0.02**
cmt5 0.03 0.04 �0.26 �0.31*** �0.25 �0.60***�0.02* 0.23** 0.01** 0.01
cmt7 0.04 0.04 �0.31 �0.38** �0.27 �0.70***�0.03** 0.32** 0.02** 0.00
cmt10 0.05 �0.08 �0.30 �0.37** �0.25 �0.66** �0.03** 0.39** 0.03*** 0.01
cmt20 0.08 �0.22 �0.39 �0.49 �0.23 �0.74 �0.05*** 0.51* 0.05***�0.03
cmt30 0.10 �0.52 �0.58 �0.68 �0.29 �0.98 �0.07*** 0.70* 0.06***�0.06

Joint p-val 0.273 0.000 0.000

Horizon h = 12

(1) Linear VIX (2) Nonlinear VIX (3) Nonlinear VIX and Controls
ai bi ai bi ai bi f i

DEF f i
VRP f i

TERM f i
DY

MKT 0.03 1.00 0.64 1.00* 0.09 1.00* 0.03**�0.70*** 0.00* 0.18
cmt1 0.00 0.11* �0.05 �0.10*** �0.08 �0.36*** 0.00 0.03** 0.00** 0.02***
cmt2 0.01 0.22 �0.08 �0.18** �0.12 �0.57*** 0.00 0.05** 0.00 0.03***
cmt5 0.02 0.33 �0.18 �0.39* �0.21 �1.03** �0.01 0.08* 0.01 0.03
cmt7 0.02 0.35 �0.23 �0.48* �0.24 �1.23* �0.02* 0.12* 0.01** 0.02
cmt10 0.03 0.15 �0.22 �0.47* �0.25 �1.25* �0.02** 0.13* 0.02** 0.03
cmt20 0.05 0.12 �0.31 �0.65 �0.27 �1.52 �0.04** 0.16 0.03*** 0.00
cmt30 0.06 �0.17 �0.44 �0.88 �0.33 �1.92 �0.05** 0.21 0.04***�0.01

Joint p-val 0.380 0.002 0.000

Horizon h = 18

(1) Linear VIX (2) Nonlinear VIX (3) Nonlinear VIX and Controls
ai bi ai bi ai bi f i

DEF f i
VRP f i

TERM f i
DY

MKT 0.03 1.00 0.44 1.00 �0.03 1.00 0.02**�0.59*** 0.01 0.18
cmt1 0.01 0.07 �0.04 �0.13*** �0.06 �0.60*** 0.00 0.04*** 0.00** 0.02***
cmt2 0.01 0.19 �0.07 �0.24** �0.10 �0.95*** 0.00 0.07***�0.01 0.03***
cmt5 0.02 0.36 �0.14 �0.48* �0.18 �1.65***�0.01 0.11** 0.00 0.03**
cmt7 0.02 0.38 �0.16 �0.56 �0.19 �1.87** �0.01* 0.14** 0.00 0.03*
cmt10 0.03 0.23 �0.15 �0.52 �0.20 �1.90* �0.01* 0.15** 0.01* 0.04
cmt20 0.04 0.29 �0.19 �0.69 �0.20 �2.16 �0.02* 0.15 0.02** 0.01
cmt30 0.05 0.04 �0.28 �0.91 �0.24 �2.63 �0.03** 0.18 0.03** 0.00

Joint p-val 0.586 0.025 0.000

57

• Linear only: insignificant for equities and treasuries

• Equity nonlinear: insignificant pre-crisis, significant in full sample

• Treasuries nonlinear: negative and significant
• Note that linear VRP (variance risk premium) is consistently

significant
• sign is correct given how it is defined (realized vol minus VIX)
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Comments #1

1 convex relationship for VIX above its median is consistent with
E [Rt+1] = γσ2

• since increased σt raises both risk σt and risk price γσt

2 Seemingly robust and surprising finding is low-VIX non-monotonicity

3 High-VIX non-monotonicity driven by single episode (fall 2008)
• but important for finding predictability (Table 3, Figure 8)
• difficult to rationalize investors knowingly accepting low return

4 Estimated relationship is consistent across treasuries and equities
• but then not much added by using cross-section

5 Paper “controls” for VRP, but only in early
• what about non-linearly?
⇒ interesting to estimate predictability by VRP (or add realized

variance as separate predictor)
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Comments #2

1 How come VIX predicts six month returns but not 1 or 3 month
returns?

• plausible economic explanation?
• VIX monthly persistence (AC1) is only 0.80

2 Negative treasury coefficient is consistent with precautionary savings
• higher uncertainty → increased precautionary savings → lower rf
• impact on long maturities offset by increased term premium

3 Interesting to see how price of variance risk depends on VIX?
• estimate RVart,t+1/VIX

2
t − 1 = φ(VIXt) + εt+1
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Final Remarks

• Findings are interesting and give much food for thought
• non-monotonicity can explain 0 linear predictability
• but what’s a good story for non-monotonicity?

• Low-VIX non-monotonicity is a bigger puzzle than convexity

• Interesting to reconcile non-monotonicity with
corr(Rt+1,∆VIX ) << 0 (“leverage effect”)

Discussion of Adrian, Crump, and Vogt (2015) 8/8


