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Abstract
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income) inequality, the calibrated model generates transition dynamics featuring pro-
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1 Introduction

Advanced economies have been experiencing productivity slowdowns and rising inequality in
recent decades. This paper investigates the relationship between these two trends by devel-
oping and analyzing an analytically tractable endogenous growth model with heterogeneous
households.

Demand intensity, defined as the aggregate consumption-to-wealth (inclusive of income)
ratio, connects rising inequality with productivity slowdowns. Intuitively, because rich house-
holds save more, rising wealth inequality yields a decrease in demand intensity. This change
has a negative effect on the size of the market in which firms operate and reduces profit
gains from improved production technology. As profit-maximizing firms have fewer incen-
tives to spend on R&D, productivity growth slows. I emphasize this channel based on simple,
tractable model equations and a quantitative investigation into the model dynamics.

R&D is the engine of productivity and economic growth, as in the seminal theories de-
veloped by Romer (1990), Grossman and Helpman (1991), and Aghion and Howitt (1992).
On the supply side of the model, profit-maximizing firms make R&D decisions by compar-
ing potential profits and costs. When aggregate consumption decreases, spending on R&D
becomes less attractive because the market size and potential profits decrease. Thus, R&D
intensity, defined as the ratio of R&D investments to the R&D stock following Benigno and
Fornaro (2018), decreases and economic growth endogenously slows.

Households are subject to uninsurable idiosyncratic income risk, as in Bewley (undated),
Huggett (1993), Aiyagari (1994), Krusell and Smith (1998), and Kaplan, Moll and Violante
(2018). In this framework of heterogeneous households with constant relative risk aversion
(CRRA) preferences, consumption is concave in wealth inclusive of income (see Carroll and
Kimball, 1996). Because rich households save more (see Dynan, Skinner and Zeldes, 2004),
an increase in wealth (inclusive of income) inequality generates a persistent decrease in
aggregate consumption relative to wealth. Then, in general equilibrium, the fall in demand
intensity on the household side affects productivity growth by altering market size and R&D
decisions.

I underscore this channel from rising wealth inequality through demand intensity and
R&D intensity to productivity growth at the aggregate level using an analytically tractable
characterization of the general equilibrium for the model economy. To embed the incomplete-

market framework with heterogeneous households into a general equilibrium endogenous



growth model, I employ the analytically tractable representation of individual consumption
decisions and cross-sectional distributions of wealth inclusive of income from Lee (2021).
This framework allows me to investigate the aggregate implications of distributional elements
without oversimplifying household heterogeneity and sacrificing the tractability of the results.

For the quantitative analysis, I compute the transition dynamics from a low-inequality
economy in the early 1980s to a high-inequality economy in the late 2010s. This general
equilibrium transition path confirms the theoretical predictions. Given the realistic, gradual
increase in wealth (inclusive of income) inequality, demand intensity and economic growth
rates decrease, consistent with the empirical time series for advanced economies during the
same period (Section 2). Furthermore, because rising wealth inequality is induced by an
increase in idiosyncratic income risk in the model, households have a strong precautionary
motive in the high-inequality economy. This increased precautionary motive in combination
with growth slowdowns generates a secular downward trend in real interest rates, consistent
with the data (see Laubach and Williams, 2003, 2016). Finally, as consumption demand
decreases, savings increase relative to wealth. Thus, the capital-to-net national income ratio
increases, as documented by Piketty and Zucman (2014) for rich countries.

I document that the welfare cost of rising wealth inequality is substantial. To maintain
social welfare in the pretransition low-inequality equilibrium, individual consumption should
increase by 19% in every period along the general equilibrium transition path towards a high-
inequality economy. This cost originates from two sources: the direct effects on consumption
inequality and average consumption and the general equilibrium effects on slow growth. Note
that these variations are consistent with the empirical trends (see, e.g., Attanasio and Pista-
ferri, 2014; Attanasio, Hurst and Pistaferri, 2015; Fernald, 2015; Antolin-Diaz, Drechsel and
Petrella, 2017). I find that the welfare cost is nearly equally split between these two factors.
Thus, by looking through the lens of the heterogeneous household endogenous growth model,
I conclude that distributional factors have substantial productivity and welfare implications.

The mechanism emphasized in this paper features a channel that links demand-side
factors to firm R&D spending and productivity growth. This channel is consistent with em-
pirical evidence based on firm-level data (see, e.g. Acemoglu and Linn, 2004; Bustos, 2011;
Jaravel, 2019; Aghion et al., 2020). Ignaszak and Sedlacek (2021) develop an endogenous
growth model with heterogeneous firms and highlight the market size effects on firm incen-
tives to innovate. This paper complements the results in Ignaszak and Sedlacek (2021) and

focuses on the growth implications of heterogeneous households. My framework emphasizes



the role of rising inequality as a source of aggregate variations in demand and business in-
vestments in R&D. Relatedly, Comin and Gertler (2006), Barlevy (2007), Anzoategui et al.
(2019), and Bianchi, Kung and Morales (2019) investigate the endogenous dynamics of R&D
investment and their business cycle implications. This paper supplements their results by
concentrating on secular, trend-level changes.

Productivity slowdowns are tightly related to low real interest rates and secular stag-
nation (see, e.g., Eichengreen, 2015; Gordon, 2015; Benigno and Fornaro, 2018; Eggertsson,
Mehrotra and Robbins, 2019; Lunsford and West, 2019). I present wealth inequality as
another relevant factor underlying these macroeconomic trends and complement other ex-
planations for the slow growth and low real interest rates observed in the data. In related
papers focusing on inequality, Straub (2018) and Mian, Straub and Sufi (2020, 2021) examine
the effects of income inequality on real interest rates. This paper focuses on the inequality
in wealth inclusive of income and its productivity implications as well as real interest rates.

I combine heterogeneous household models (e.g., Bewley, undated; Huggett, 1993; Aiya-
gari, 1994) with endogenous growth models. This framework enables me to connect demand-
side (household) trends to slow-moving components on the supply side (firm). Using an
AK-type production environment with heterogeneous households, Clemens and Heinemann
(2015) conduct a related quantitative exercise. In contrast, my model builds on R&D-
based productivity growth, as in Romer (1990), Grossman and Helpman (1991), and Aghion
and Howitt (1992). Additionally, T employ the analytically tractable model of heteroge-
neous households from Lee (2021). This paper utilizes the results in Lee (2021) to enhance
the tractability of a general equilibrium model with endogenously determined productivity
growth rates and wealth inequality, whereas Lee (2021) applies the framework to a neoclas-
sical growth model. The important precursors of this tractable heterogeneous household
model include Constantinides and Duffie (1996) and Heathcote, Storesletten and Violante
(2014). My model augments their no-trade equilibrium with a nontrivial amount of asset
trading among households and of the capital used in production.

The remainder of this paper is organized as follows. Section 2 describes the trend-level
changes in inequality, demand intensity, R&D intensity, and economic growth in advanced
economies since the 1980s. Section 3 develops a general equilibrium endogenous growth
model with heterogeneous households and incomplete financial markets. Section 4 character-
izes the general equilibrium of the model. I illustrate how demand intensity connects wealth

inequality with productivity growth using analytical results. Section 5 presents the quanti-



tative analysis. Based on the calibrated model, I investigate the comovement of productivity
growth, demand intensity, real interest rates, and wealth inequality along the transition path
from a low-inequality economy to a high-inequality economy. Furthermore, I investigate the
welfare implications of rising wealth inequality. Section 6 concludes the paper. Proofs are

relegated to Appendix A.

2 Suggestive empirical evidence

This section presents the empirical evidence on long-run changes in advanced economies
since the 1980s. I show trends in macroeconomic time series for several rich countries to
provide an international perspective on the results. I illustrate that trend-level comovement
exists among the measures for wealth and income inequality, consumption demand relative to
wealth, R&D investment relative to the R&D stock, and economic growth in these countries.

Following Piketty and Zucman (2014), my sample of advanced economies includes the
G7 countries (Canada, France, Germany, Italy, Japan, the UK, and the US) and Australia.
Panels (a) and (b) show the top 10%’s wealth and income shares, respectively. Clearly, wealth
and income inequality have substantially increased since the 1980s in these countries, as noted
by, e.g., Piketty and Saez (2003), Atkinson, Piketty and Saez (2011), Saez and Zucman
(2016), and Garbinti, Goupille-Lebret and Piketty (2021). These changes in the cross-
sectional allocation of economic resources are accompanied by slowdowns in GDP growth
(panel (c)). Consistent with the results for the US and the Euro area in Fernald (2015),
Antolin-Diaz, Drechsel and Petrella (2017), and Fernald and Inklaar (2020), these downward
trends in GDP growth started prior to the global financial crisis in the late 2000s, implying
the existence of causes other than the recent recessions. Panel (d) illustrates the concurrent
significant decreases in the aggregate consumption-to-net private wealth ratio that represents
demand intensity. Finally, I show R&D intensity in panel (e), which is a major driver of
productivity growth in seminal endogenous growth models (e.g., Romer, 1990; Grossman
and Helpman, 1991; Aghion and Howitt, 1992) and in US data (Kung and Schmid, 2015).
During the sample period, R&D intensity, defined as the ratio of business investments in
R&D to the R&D stock as in Benigno and Fornaro (2018), gradually decreased by 3.4 p.p.

on average among the eight countries.!

!To emphasize the trend-level dynamics, in Figure 1, I show 9-year moving averages for the real GDP
per capita growth rates (panel (c¢)) and R&D intensity (panel (e)). Appendix B.1 contains data sources and
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Figure 1: Inequality, consumption, R&D, and growth in rich countries

Notes: Panels (a) and (b) show the top 10%’s wealth and income shares, respectively. In panel (c), I show
the 9-year moving averages for the growth rates in real GDP per capita to emphasize long-run dynamics.
The consumption-to-wealth ratios in panel (d) are based on private consumption and private net wealth.
Finally, R&D intensity in panel (e) is the ratio of business investments in R&D to the R&D stock. Similar
to panel (c), panel (e) depicts 9-year moving averages for the original series. Following Piketty and Zucman
(2014), my sample of advanced economies includes the G7 countries (Canada, France, Germany, Italy, Japan,
the UK, and the US) and Australia. Appendix B.1 contains data sources and the details on the construction
of these series.

This set of common stylized facts about advanced economies calls for a theoretical frame-
work that can illustrate the relationships among these macroeconomic trends. In the remain-
der of this paper, I develop an endogenous growth model with heterogeneous households and
emphasize a channel that links an increase in wealth and income inequality to GDP growth

slowdowns through a decrease in demand intensity and a fall in R&D intensity.

3 Model

This section presents an endogenous growth model with heterogeneous households. By incor-

porating household heterogeneity into an endogenous growth framework, I build a general

the details on the construction of these series.



equilibrium model that relates cross-sectional inequality and aggregate economic growth.
In the model, productivity growth is endogenously determined by firms’ optimal hiring of
R&D workers. This optimal decision depends on the market size and the potential profit
from R&D. Note that when households are heterogeneous, market size (i.e., consumption
demand) relies on the cross-sectional distribution of economic resources as well as aggregate
quantities. Thus, in my model, wealth and income inequality may affect economic growth
through their effects on consumption demand and the profitability of R&D.

To focus on this productivity implication of household heterogeneity, I assume that eco-
nomic agents have perfect foresight regarding the aggregate variables. However, individual
households are subject to uninsurable idiosyncratic income risk as in standard incomplete
market models, such as those in Bewley (undated), Huggett (1993), and Aiyagari (1994) and
death shocks as in Yaari (1965) and Blanchard (1985). The economy is closed and populated
by a continuum of households and firms. When an agent dies, the government confiscates

accidental bequests and redistributes them to newly born agents. Time is discrete.

3.1 Firms

There exists a continuum of intermediate goods Y, indexed by j € [0, 1]. The final good Y,

in period ¢ is produced by combining Yj, in a competitive market:

1 w1 \oox
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where w is the elasticity of substitution. The price of the final good, P, is given by

1 =
Pt = </ letwdj) ,
0 9

where P;; is the price of intermediate good j. P, is normalized to 1 in each period. The

demand for intermediate good j follows from this structure:

P\
= () v W

Firm j produces Y;; using the following production function:

Ve =K *(AjiLy;)", (2)



where A, ; represents the productivity of firm j and Ly is the labor input into production.
Capital K, is rented at a rate of r, + 0, where 0 is the depreciation rate. By spending labor

input L, ;¢ on R&D, this firm can improve its production technology as follows:
Ajirr = (L4 0La ) Aje, (3)

where 6 measures the efficiency of R&D. Finally, firms pay a per-period administrative
overhead labor cost, W;L,;, where W, is the real wage rate. Firm j’s real profit in period ¢

is given by

;= IZ: Yie = Wi(Lyji + Lajs + Lar) — (re +6) K. (4)
Firms discount future profits using the real interest rate r and maximize the present dis-
counted value of those future profits by choosing {P; ., K; ., Ly, Lajr, Ajrs1 1 T > t}
given A;;. In equilibrium, profits are zero, preventing the entry of new firms.

In this model, the engine of growth is productivity-enhancing R&D conducted by in-
cumbent firms. These firms spend on R&D in pursuit of additional profits originating from
monopolistic competition and a better production technology that decreases the marginal
cost of production.?

The productivity process (3) is nonstochastic. This nonstochastic specification is as-
sumed to induce a uniform evolution of productivity across symmetric firms rather than a
distribution of heterogeneous firms. This simple structure for the supply side enables me
to preserve the analytical tractability of the equilibrium with endogenous growth, although
incomplete markets and rich heterogeneity are introduced into the household side. Note
further that at the aggregate level, the productivity growth rate g; equals 0L 4, as in the
seminal R&D-based endogenous growth models developed by Romer (1990), Grossman and
Helpman (1991), and Aghion and Howitt (1992) (see also Jones, 1995, Section II).

3.2 Households

The household side consists of a continuum of heterogeneous households, indexed by ¢ € [0, 1].

In an otherwise standard incomplete market model similar to those in Bewley (undated),

2Relatedly, in the data, incumbent firms contribute substantially to productivity growth (see Bartelsman
and Doms, 2000, Section 3).



Huggett (1993), and Aiyagari (1994), I introduce a judiciously chosen process for idiosyn-
cratic income risk that yields a simple but realistic optimal consumption function in wealth
(inclusive of income) at the household level. This consumption function, combined with the
tractable, realistic cross-sectional distributions of wealth, enables the analytical aggregation
of individual decision and state variables in this model. This tractable incomplete market
framework is adopted from Lee (2021). For exposition and completeness in this paper, I re-
capitulate several of the results from Lee (2021) although detailed discussions on the shape
of the consumption function and the interpretation of the individual income process are kept

to a minimum.

Preferences. Preferences are time-separable and feature CRRA:

(oraa |
Ui = E, gt —— |,

where C' denotes consumption and + is the relative risk aversion coefficient. As in Yaari
(1965) and Blanchard (1985), agents may die with probability py in each period. The discount
rate § is given by f3 (1 — pg), where 5 and 1 — pg reflect the subjective discount factor and

the survival probability, respectively.

Budget constraints. Utility is maximized subject to the budget constraint:
Cit+ Kiry1 = 1+ 1)Ky + Wiy, (5)

where K, represents the assets owned by household ¢ in period ¢, r; is the risk-free rate,
and W; is the real wage rate per efficiency unit of labor. The endowment of labor with
idiosyncratic productivity ¢;; is inelastically supplied. M, denotes the total stochastic
income, M, ; = Wie; ;.

Let g; be the growth rate of labor-augmenting productivity at the aggregate level (g, =

%). The gross growth rate is denoted by Gy = 1 + ¢g;. [ scale the variables by the
growth rates and write them in small letters, e.g., ¢; = m and w; = ﬁ

I rewrite the budget constraint (5) in terms of gross wealth inclusive of income (i.e.,
cash-on-hand), which is denoted by X;; = (1 + ) K, + M;;. The total economic resources

available to household 7 in period ¢ (X;;) are divided into consumption (C;;) and savings for



the next period (K;:11). In small letters due to scaling with {G;}, x;+ evolves as follows:

——— (i — Cig) + Mit41, (6)

where R; = 1+ r;. Specification (6) is consistent with standard consumption and savings
decision problems (see, e.g., Zeldes, 1989; Deaton, 1991; Carroll and Kimball, 1996). Finally,
the (scaled) borrowing limit is denoted by #:

Tit41 = —1). (7)

Information structure. The economy is assumed to converge in the long run to a bal-
anced growth path equilibrium with a constant growth rate: g, — g as t — oo. Economic
agents have perfect foresight regarding the aggregate variables, including the growth path
of productivity {g;}. However, households are exposed to uncertainty through their idiosyn-
cratic income risk ¢;; and death shocks. This specification enables me to emphasize the
macroeconomic implications of household heterogeneity without oversimplifying household

heterogeneity and sacrificing the tractability of the model.

Optimality conditions. Household consumption and savings decisions are characterized
by two sufficient conditions for optimality, the consumption Euler equation and the transver-
sality condition (see, e.g. Stokey, Lucas and Prescott, 1989). Under CRRA preferences, the

consumption Euler equation is given by

1> E,;

C; 7
5( C:l> R, (8)

)

where equality holds if the borrowing limit is not binding. When the financial market is
complete, this Euler equation simplifies to 1 = G} Ri+1. However, when households face
uninsurable idiosyncratic income risk, consumption growth is not constant across households,

and Cc—”tl is not equal to Gy, in general. The transversality condition is given by

lim E, [5"(Cir) " Xir| = 0. (9)

Idiosyncratic income risk. Because m;; = w.e;; and each household takes w; as given,

specifying an exogenous idiosyncratic labor productivity process {e;} is equivalent to char-

9



acterizing the stochastic income process {m;.}. I impose the following assumption, which is
judiciously chosen to yield tractable solutions to the household optimization problem in an

incomplete financial market with only a risk-free asset.

Assumption 1 (Idiosyncratic income risk). Consider a random variable z;; that governs

idiosyncratic income risk. I assume that

(EE1) =z is independent across time and individuals, and

(EE2) 1=E [BRtHGt_ﬁl exp(—f’vzi,tﬂ)] for a constant 0 < £ < 1 and all t.
I define an auziliary exogenous process {Z;;} such that

(EE3) Z;0 = 0 > —1, and

(EE4) %1 +1 = exp(2i41)(Tig + 1) for all t.

For allt > 0, the (scaled) income process {m; 41} is exogenously given by

(BE5) misn (Fir, 2ia01) = G22C (B +0)° + [exp(zim1) — 622 (350 + ) — Sty

Git1 Giy1

I assume further that

(TVC1) gt — g, fer — s, 024 — 0, and 7y — 1 for some constants g, p., 0., and v as
t — 00,

(TVC2) z; is a Laplacian random variable with mean ji.; and variance Uz,t for all t; zjy ~

E(,uz,t; Uz,t) ) and

(TVC3) max{~vr,0} <~y <y for some constants vy, and vy that depend on u,,0,,5,&, g, and
n (see Appendiz C for details).

Assumption 1(EE1-5) specifies the individual income process {m;y1}. This process is
exogenous to household decisions and is determined by an auxiliary exogenous process {Z;; }
(EE3-4) and idiosyncratic income shocks {z;;} (EE1) that satisfy a moment condition (EE2).
Assumption 1(TVCI1-3) imposes a bound on the feasible values of the relative risk aversion
coefficient +. This bound depends on the balanced growth path that the economy converges
to in the long run (TVC1) and the distributional family of the idiosyncratic income shocks
ziy (TVC2). T assume a Laplacian shock, which better matches the data than a Gaussian
shock, as shown in Lee (2021).

10



Consumption function. Assumption 1 generates an environment that admits a highly

tractable representation of the consumption—savings decision of each household.

Proposition 1 (Consumption function). Consider the following consumption function ex-

pressed in terms of scaled consumption (c;;) and of wealth inclusive of income (;):
Cip = (wig) = C(zig +1)° for my > -, (10)

where ( > 0 and 0 < £ < 1. Assumption 1(EE1-EE5) implies that this consumption function
satisfies the Euler equation (8) with equality for all t. Furthermore, Assumption 1(TVC1-
TVC3) is a sufficient condition for the transversality condition (9) to hold. Thus, the con-

sumption function (10) solves the households’ dynamic programming problem.

Individual consumption (c¢;;) is determined by both asset holdings (k;;) and income
(r¢ki ¢ +m; ) because wealth inclusive of income (z;,) is given by (1+41r;)k; ;+m; ;. Addition-
ally, this highly tractable consumption function is characterized by only three parameters:
¢, &, and n reflect the scale, shape, and borrowing limit, respectively. Because 0 < £ < 1, the
consumption function (10) is strictly concave in x, implying that rich households save more.
This result is consistent with the empirical evidence in Dynan, Skinner and Zeldes (2004),
Johnson, Parker and Souleles (2006), Parker et al. (2013), and Zidar (2019). Furthermore,
cross-sectional relationships between consumption and wealth in the data are approximated
remarkably well by this simple function (see Section 5.1).

This model differs from other models with uninsurable income fluctuations that have only
numerical solutions. The important exceptions include Constantinides and Duffie (1996)
and Heathcote, Storesletten and Violante (2014), which feature a tractable equilibrium with
no trade among households. My model augments these seminal papers with a significant
amount of asset trading among households in equilibrium. Furthermore, in this paper, the
quantity of assets is non-trivial and equals the endogenously determined demand of capi-
tal used in production, whereas capital is not a factor of production in Constantinides and
Duffie (1996) and Heathcote, Storesletten and Violante (2014). Other approaches to build-
ing tractable incomplete-market models utilize either linear or piecewise-linear consumption
functions (e.g., Wang, 2003, 2007; Wen, 2015; Acharya and Dogra, 2020). In contrast, the

consumption function (10) is strictly concave in x, even for rich households with large x.

Cross-sectional distributions of wealth. Building on the optimal consumption and

11



savings decisions at the household level, I specify the cross-sectional distribution of wealth
inclusive of income z;;. By imposing certain assumptions, I induce simple, parameterized
wealth distributions based on three parameters. Furthermore, this model replicates the
Pareto right tails and rising wealth inequality observed in recent decades by using different
parameter values.

I start with the law of motion for household consumption and wealth. Under the opti-
mal consumption-savings decision in Proposition 1 and conditional on survival, individual
consumption and wealth have random growth processes driven by the idiosyncratic income
shocks {z;:}.

Proposition 2 (Dynamics of individual consumption and wealth). When Assumption 1

holds and agent © does not die in period t + 1, the following are true:

(1) @ipp1 +1 = exp(zig1)(@ir +1) for all t.
(2) @iy =T;0 > —n for all t.

(3) Citr1 = exp(€zii1)ciy for all t.

Wealth inclusive of income (augmented with the borrowing limit) randomly grows at the
individual level. Furthermore, the auxiliary exogenous variable z;, coincides with z;;, and
the borrowing constraint does not bind for all ¢. Finally, given the consumption function
(10), log consumption also has a random walk process, which is less volatile than the log
wealth process because £ < 1.

Let a;; denote the logarithm of wealth augmented with income and the borrowing limit

(and scaled by growth rates):
air =log (i +1n).

The random growth results in Proposition 2 imply that a;;+1 = a;+ + 2141 conditional on
surviving. An agent may die with probability pg after receiving income 741k 411 + Wit1€ 141
but before making consumption—savings decisions. The government confiscates these acci-
dental bequests x; ;11 and redistributes them to the agents newly born in each period. The
population mass of the newly born agents is pg, and the logarithm of their random endow-
ments augmented with the borrowing limit is denoted by n;y1. The distribution of n; ;44

reflects nonmodeled redistribution mechanisms, such as estate taxes, public education, and

12



social insurance, and the stochastic components of intergenerational transmission. Given
i.i.d. death shocks d;; ~ Bernoulli(p,), the cross-sectional distribution of wealth evolves as

follows:
ipp1 = (L —digs1)(@ig + Zigs1) + digr1mipsn (11)

In terms of probability density functions (pdfs), Equation (11) yields:

fa,tJrl = (1 - pd)faJrz’,tJrl +pdfn,t+17 (12)

where the pdfs of a;¢y1, @iy + zi¢41, and ng 1y are denoted by fo i1, favzrer1, and fr 41,
respectively.

The following assumptions induce a Laplace distribution of a;; in every period.
Assumption 2 (Cross-sectional distribution of wealth). I assume that
(1) aie ~ L(tat 05),
(2) zigr1 ~ L(fz 41, aim) is independent of a;;, and
(3) V2> 04t > 0,411 > 0.
Let a; 141 have a mean of pi,441 and variance ag’tﬂ. I assume further that
(4) 04t < 04141, and

1
(5) Pd>1—m

— — +
, ’LUhG?"@ Ct-‘rl Oa,t0a,t+1 (,uz,t+1| Ha,t+1 Ma,t) > 1

= ex
Ug,tfag,wrl b Cat/V2

I start with a log Laplace distribution of wealth in period ¢ (Assumption 2 (1)). For
the idiosyncratic income shock z; 11, which is independent of a;; (Assumption 2 (2)), the
cross-sectional dispersion of log wealth is larger than the period-by-period idiosyncratic risk
(Assumption 2 (3)). Furthermore, v/2 > o, is assumed to make aggregate wealth finite.
Assumption 2 (4) guarantees that this framework can be used to investigate the macroeco-
nomic implications of (weakly) rising wealth inequality. Finally, the probability of death py
is not too low (Assumption 2 (5)). These conditions are sufficient to induce a log Laplace

wealth distribution in period ¢ 4 1 with a carefully chosen pdf f, ;1.
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Proposition 3 (Log Laplace distributions of wealth). Assumption 2 implies that there exists

a well-defined pdf f, 41 of the random endowment n; 11 for the newly born agents such that

Qi1 ™ E(Ma,t+1> Ug,t+1)- (13)

Thus, under a judiciously calibrated { f,,+}, this model generates a highly tractable cross-
sectional distribution of wealth log(x;;+1) = a;¢ ~ L(ja, 0,) in every period. Furthermore,
this cross-sectional distribution of wealth is characterized by only three parameters: the
borrowing limit 7, the central tendency of log wealth p,, and the measure of dispersion or
inequality o, . Note that rising wealth inequality can be modeled by an increase in o, ;.

In summary, the household side of this economy admits a tractable nonlinear consumption
function (10) and parametric cross-sectional distributions of wealth (13). Thus, it is possible
to summarize the equilibrium conditions from a continuum of heterogeneous households
with only a few analytically tractable equations. Because firm R&D investments depend on
the market size, which affects the profit gained from the improved production technology,
deriving an equation for aggregate demand intensity and relating it to the distributional

parameters of the economy plays a crucial role in the subsequent analysis.

4 Analytical characterization of the steady state

This section characterizes the general equilibrium of the model. Using analytical expressions,
I illustrate how demand intensity, defined as the ratio between aggregate consumption and
wealth inclusive of national income, connects productivity growth with wealth inequality.
For clarity of exposition, this section focuses on a balanced growth path equilibrium. In
Section 5, quantitative analysis is used to show that similar intuition and results are valid

for the transition dynamics.

4.1 Demand intensity and productivity growth

This section illustrates how demand intensity relates to the major supply-side components
of the economy. Specifically, demand intensity affects market size, R&D spending, and en-
dogenously determined productivity growth rates. Using the equilibrium conditions from
the firm side of the economy presented in Section 3.1, I show how demand intensity deter-

mines productivity growth rates and other major macroeconomic variables in this model.
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Because demand intensity summarizes the consumption—savings decisions of heterogeneous
households, it connects the demand side with the supply side of the economy in a succinct
manner.>

Let C}, Ky, and Y; be aggregate consumption, capital, and output, respectively. Aggregate
wealth inclusive of income is denoted by X;, where X, includes capital and national income

net of capital depreciation:

Reflecting the consumption—savings decisions of households, a portion of X; is consumed
(Cy), and the remainder is saved (K;;1). Then, demand intensity is defined as the ratio

between aggregate consumption and wealth inclusive of national income:

Cy
So = —.
c X,
Similarly, I express other variables that grow in terms relative to X;, e.g., sy = %,

Sg = %, Sw = %, and sy = %. On the balanced growth path, these ratios are constant.

Proposition 4 (Endogenous growth). On a balanced growth path with symmetric firms, the

first-order conditions for firms’ optimization problem imply that

rz./\/l_l(l—oz)s—y—& (14)

SK
r = QLY + g, (15)

where M = —“= > 1 is the gross markup. Given sy(sc,g) = s¢ + %(1 — s¢), Sk(sc,g) =

1/
Losc [y (s¢,84,9) = (SY(SCQ)) , and s 4, the following equation relates g to sc:

1+g 7 s4sk(sc,g)' =
Sy (sc,
M1 - a)M — 6 =0Ly(sc,54,9) + g. (16)
SK(8079)

Equations (14) and (15) are obtained from the first-order conditions with respect to

capital (K;;) and R&D (L4, and Aj,11), respectively. Note that the dependence of sy, sk,

3The discussion below focuses on the endogenous determination of productivity growth rates in relation
to demand intensity. The results for other macroeconomic variables echo the findings in Lee (2021) for a
neoclassical model with exogenous growth.
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and Ly on g is made explicit in Equation (16) because g is also endogenously determined.
To implicitly define g(s¢, s4) using Equation (16), I first show that a unique g that satisfies
Equation (16) exists.

Proposition 5 (Unique existence of g). Fiz sc € (0,1) and sx > 0. When M(ll__‘);C) <1,

there exists a unique g satisfying Equation (16).

A sufficient condition for the above result is s¢ < a because M > 1. Given o =~ 0.6 and
sc & 0.2, this sufficient condition is likely to hold for realistic parameter values. Therefore,
g(sc,sa) can be defined implicitly from Equation (16) for s¢ € (0,a]. This result allows
me to rewrite sy (sc,g) as sy(s¢,sa) = sy(Sc, 9(Sc,Sa)). Similarly, other macroeconomic

variables, such as s, Ly, La, sy, and 7, can be written as a function of s¢ and s, only.*

Proposition 6 (Comparative statics of g(sc, s4)). Suppose that g(sc, sa) is defined as above

and ﬁ < 1. Then, %{f” > 0 if and only if
1— 1—6)(1— s¢)? _
M (1+g) > —C(x—g)+ (1=9) = s0) X—9 (17)

al—a) 14+g—(1-0)1-sc)

_ 0 (1 _ o )5t gH0+(1-0)sc)
where x = g+ (1 = s¢)

1+g
-1
g(sc,s4) > — [1 + %] , the above condition holds for a sufficiently large 9.

. As a special case, when o > Ssg, a > %, and

When %&”) > 0, a decrease in demand intensity (a smaller s¢) has negative supply-
side effects on productivity (a lower g). Although the general sufficient condition for this
result in Equation (17) is not highly tractable, it is not overly restrictive. At a minimum, the
three inequality conditions for the special case with a large ¢ are likely to hold. Furthermore,
Equation (17) is satisfied for the realistic parameter values used in this paper.

Intuitively, on a balanced growth path with lower consumption demand s¢, the market is
smaller. Because of limited profit gains from an improved production technology, firms may
have fewer incentives to spend on R&D. Concurrently, a smaller sc and more savings sy
increase the wage rate sy and decrease the real interest rate r. As hiring researchers becomes
more expensive, spending on R&D is further deterred. In contrast, as firms discount future

profits at a lower rate, additional R&D and improved productivity become more attractive.

iFor sy, sk, Ly, and r, I use the expressions in Proposition 4. sg/(sc,s4) is given by [1 +
9(sc,s4)]8K(sc,s4). Because g = 0L, La(sc,s4) = 07 1g(sc,s4). From the first-order condition for
Ly j+, L have WLy = M~'aY; therefore, sy (sc,s4) = M-1gsxlscsa)

Ly (sc,sa)"
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For the calibrated parameter values in this paper, the market size and wage effects dominate
the real interest rate effect. In short, g decreases in s¢.

This model implies that the limited consumption demand observed in the data (panel
(d) in Figure 1) might have yielded substantial negative effects on supply-side trends. When
financial markets are incomplete, this decrease in demand intensity can result from an in-
crease in economic inequality. As shown in Section 3.2, uninsurable idiosyncratic income
risk implies that the consumption of individual households is a concave function in wealth
inclusive of income (see also Carroll and Kimball, 1996). Given this nonlinear consumption

function, demand intensity depends on the distributional elements of the model.?

4.2 Demand intensity and wealth inequality

This section presents the relationship between demand intensity and wealth inequality. The
tractable model of heterogeneous households presented in Section 3.2 allows for a straightfor-
ward aggregation of individual consumption and wealth. Then, demand intensity s admits
an analytical representation that clearly illustrates how wealth inequality affects aggregate
consumption demand. As in Section 4.1, I focus on a balanced growth path equilibrium for
exposition.

Propositions 1 and 3 imply that wealth inclusive of income has a log Laplace distribution
and ¢; = ((x; +n)¢. Using the properties of Laplace distributions, I obtain the following

results.

Proposition 7 (Demand intensity, s¢). Suppose that a; = log(z; + 1) ~ L(pta,02) and
¢; = (i) = C(w; +n)*. Then,

(1) The right tail of wealth x; follows a Pareto distribution.

(2) If o, < V2, aggregate wealth and consumption (scaled) are given by

exp(fiq
x = E;lexp(a;)] —n = 1_(103 —n, and
2%

5This prediction of the incomplete market model does not hold when the financial markets are complete.
In a complete market economy, the Euler equation (8) simplifies to R = G /. In combination with Equation

(14), an additional equilibrium condition is obtained: M~!(1 — a)% -0 = % — 1. Then, this
equation and Equation (16) jointly determine the equilibrium values of s¢ and g, given s4. Because s¢
is fixed regardless of the cross-sectional allocation of wealth, the comparative static results in Proposition
6 are less relevant in this environment. However, if the market is incomplete, there exists a gap between
individual consumption growth % in the Euler equation (8) and the aggregate growth rate Gy, because

of the uninsurable idiosyncratic income shocks.
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¢ exp(§pa)
e
(3) Suppose o, < V2. Given a mean-preserving spread in x; induced by changes in u, and

04, S¢ = 5 decreases:

d
igh:—p%<o,

14+0.5602
where D = %(1_0_5503)%_0.503)5(1 &) >0.

This simple model of the cross-sectional distribution of wealth features only three param-
eters (1, fq, and o,). Despite being simple, this model successfully replicates the stylized
fact of a Pareto right tail in the distribution of wealth (Proposition 7 (1)), consistent with
the empirical evidence in Saez and Zucman (2016). Furthermore, aggregate consumption

and wealth (inclusive of income) admit analytically tractable representations, as shown in

Proposition 7 (2). Thus, demand intensity sc = ¢ is characterized by only five parame-

ters (Proposition 7 (3)): the two consumption function parameters (¢ and &) and the three

wealth distribution parameters (7, p,, and o). To illustrate the effects of wealth inequality

2

2 increases and

on demand intensity, I consider a mean-preserving spread of {z;}. When o
dSC
do?
wealth inequality decreases aggregate consumption demand because rich households save

1a adjusts accordingly to keep aggregate wealth x constant, l. < 0. Intuitively, rising
more.

Propositions 6 and 7 formalize the main insights from this model by connecting wealth
inequality through aggregate consumption demand to productivity growth. Through its
negative effects on demand intensity, an increase in wealth inequality can endogenously

generate productivity slowdowns under incomplete financial markets.

4.3 A balanced growth path equilibrium

Building on the results from the previous sections, I characterize a balanced growth path
equilibrium in this section. I specify parameters for idiosyncratic income risk (p, and o)
and the endowment distribution for the newly born agents (f,) that are consistent with a

log-Laplacian wealth distribution a; ~ £(ftq,0?2) in a balanced growth path equilibrium.

6There is no trend-level change in the value of 7 estimated from the Panel Study of Income Dynamics
(PSID) data (see Section 5.1). Thus, I concentrate on an increase in the dispersion parameter o,,.
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I start from a cross-sectional distribution of wealth inclusive of income, log(z; + 1) =

a; ~ L(pq,02). Given the values of u, and o,, Proposition 7 determines s¢:

Sc e 1—

_ G _ Coxp(Eua)  [explra)
_Xt_l—%gag 2 n| -

1

2

This equation succinctly summarizes individual households’ consumption—savings decisions
at the aggregate level. Then, I use the equilibrium conditions from the firm side of the
economy. Propositions 4 and 5 illustrate how to find the productivity growth rate g given
sc and s4. Similarly, the other major macroeconomic variables, such as sy, sk, sw, r, Ly,
and L,, can be fixed based on s¢ and s4 (see footnote 4). Finally, Ly, which governs
the per-period overhead labor cost, is calibrated to satisfy the zero-profit condition (II = 0,
Equation (4)) and prevent the entry of new firms.

To find a magnitude of the idiosyncratic income risk (u, and o,) and an endowment
distribution for the newly born agents (f,,) that are consistent with the above macroeco-
nomic environment in a general equilibrium, I turn to the consumption Euler equation (8),
the labor market clearing condition, and the government’s budget constraint regarding the
redistribution of accidental bequests.

Given the real interest rate r(sc¢, s4) and the growth rate g(sc, sa), I obtain a moment
condition for z;; ~ L(u,,0?) from the Euler equation: E[S(1+7)(1+4 g) 7 exp(—&vzis)] = 1
(Assumption 1(EE2)). To clear the labor market, labor demand L(s¢,sa) = Ly (sc,Sa) +
La(sc,sa) + Ly should equal labor supply in efficiency units, E;[e;,]. With some algebra,
it can be shown that this condition is equivalent to a moment condition E[exp(z;¢)] = 1.
Finally, the government’s budget clearing condition implies that the aggregate value of the
accidental bequests is equal to the endowments of the newly born agents. Because death
shocks are random, this condition is equivalent to psE[exp(a;; + 2i+1)] = paElexp(ni141)]-
Similarly, this equation simplifies to the same moment condition E[exp(z;+)] = 1 as the
labor market clearing condition. Note that the two moment conditions, E[F(1 4+ r)(1 +
g) Vexp(—&vzit)] = 1 and Elexp(z;¢)] = 1, are sufficient to determine the idiosyncratic
income shock parameters (i, and o).

What remains is to specify f, in a manner such that the implied cross-sectional distri-
bution of wealth f, is consistent with this balanced growth path equilibrium. It straight-
forwardly follows from Equation (12) that it is sufficient to assume that f,, = p;'[f. — (1 —

o; Jpez ]

Pd) fatrz]. Aslong as pg > 1 — é, where C = 5757 €Xp (ga / \/5), this endowment distribution
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has a well-defined pdf (Proposition 3). I checked that this condition is satisfied for all the
quantitative analyses in this paper. Similarly, the sufficient condition for the transversality

condition, max{~yr,0} < v < vy (Assumption 1 (TVC3)), is also satisfied.

5 Wealth inequality and productivity slowdowns

This section presents the quantitative analysis of the model. I compute the general equilib-
rium transition dynamics of the macroeconomic variables induced by a trend-level increase
in idiosyncratic income risk and cross-sectional wealth inequality. Consistent with the theo-
retical prediction in Section 4, rising wealth inequality generates productivity slowdowns as
well as other macroeconomic trends, such as low demand intensity, low real interest rates,
and a high capital-to-net national income ratio. Comparing the different balanced growth

path equilibria with the various levels of steady-state wealth inequality yields similar results.

5.1 Calibration

This section calibrates the model parameters. The results for the parameters on the house-
hold side of the model, such as the distributional parameters (fi,¢, 04, and 1) and the
consumption function parameters (¢ and &), are borrowed from Lee (2021). Here, I recapit-
ulate the discussion in Lee (2021) for completeness. The R&D productivity parameter 6 is
chosen by matching the trend-level growth rate for the US economy at the beginning of the
sample period. Other parameters are standard.

I start with the wealth distribution parameters. I compute the quintile shares of wealth
inclusive of income (z;,) in the Panel Study of Income Dynamics (PSID) data and estimate
Uat, Oat, and 1, by matching these moments, where log(z;; + n:) = it ~ L(tat, ait). In
doing so, I conduct two exercises. First, I calibrate the dispersion parameter o,; and the
borrowing limit 7; in each period without any restrictions to match the empirical quintile
shares. Second, I impose a linear time-trend o,; = ko + K1t on the dispersion parameter
and assume a time-invariant borrowing limit 1 (scaled) to focus on slow-moving changes
in wealth inequality since the 1980s.” In this case, the three parameters, xg, &1, and 7,
are calibrated by jointly matching the quintile shares in all PSID waves during the sample

period. In all cases, p, . is chosen by normalizing aggregate wealth (scaled) in each period

"The 1984 wave is the first PSID wave with wealth data.
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Table 1: Quintile shares of wealth inclusive of income in the data and the model

o @ 6 @& 6 6 @O @

Quintile Shares of Wealth Inclusive of Income (z, %)

1st 2nd  3rd 4th 5th lha Oq n

Data. PSID 1984 wave 1 5 9 17 67
Model. Flexible 0,4 and n; 0 6 10 16 67 -0.29 0.89 0.24
Model. 0,4 = ko + k1t and 7, =1 0 6 10 16 69 -0.37 093 0.21
Data. PSID 2001 wave 1 4 7 15 73
Model. Flexible 0,3 and n; 0 5 8 14 73 -0.51  1.00 0.19

Model. 04t = ko + k1t and 1, =1 0 4 8 14 74 -0.50 1.00 0.21

Data. PSID 2015 wave 0 2 5 12 80
Model. Flexible 0,3 and n; -1 3 6 11 80 -0.68 1.07 0.19
Model. 04,4 = ko + k1t and 7, =17 -1 3 7 12 79 -0.62 1.05 0.21

Notes: Columns (1)-(5) in this table show the quintile shares of wealth inclusive of income in selected
PSID waves. The log-Laplacian model parameters are calibrated by matching the quintile shares of wealth.
For the flexible parameter case, I change the dispersion parameter o,; and the borrowing limit 7, in each
period without any restrictions. For the second case, I impose a linear time-trend o,; = ko + k1t on the
dispersion parameter and assume a time-invariant borrowing limit 7 (scaled). In all cases, pq,; is determined
by normalizing aggregate wealth to one in each period.

to one (E;[z;;] = 1). For details on the PSID data, see Appendix B.2.

Columns (1)-(5) in Table 1 show the empirical and model-implied quintile shares of wealth
inclusive of income in selected years. In the data, the top quintile shares have substantially
increased since the 1980s. Note that this secular increase in wealth inequality can be repli-
cated by the model using the calibrated time series of the distributional parameters. Even the
parsimonious model with an upward linear trend in o,; matches the cross-sectional wealth
data in different years remarkably well. Finally, there exist no clear trend-level changes in
the estimated 7, for each PSID wave.

Suppose that in 1983, the economy is on a balanced growth path described by the pa-
rameters in Table 1 (¢, = 0.93, p, = —0.37, and n = 0.21). Using the moment conditions in
Section 4.3, I obtain ¢, = 0.11 and u, = —0.006 for this balanced growth path equilibrium.
Note that these realistic parameters satisfy Assumption 1 (3) (v/2 > o, > 0,). Verifying
Assumption 1 (5) (pg > 1 — é) is also straightforward. Finally, Figure 2 depicts the model
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fay fare, and for, where a ~ L(pq,02) and 2’ ~ L(p,,0?)
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Figure 2: Cross-sectional distributions of wealth

Notes: This figure shows the model pdfs (fs, fatz, and fns) from Equation (12) under the assumption that
the economy is in a balanced growth path equilibrium in 1983. T use the following parameters: o, = 0.93,
e = —0.37,7=0.21, 0, = 0.11, p, = —0.006, and pg = 0.025.

pdfs (fa, fatrw, and f,/) determined by the calibrated distributional parameters. Clearly,
the wealth of the newly born agents (f,,) is more concentrated around the center of the
distribution than the wealth of the entire population (f,) is.

Next, I turn to the shape (£) and scale () parameters of the consumption function (10).
Because log(c; ) = constant + £ log(z;; + n), the shape parameter ¢ can be estimated by
regressing log(c;¢) on log(z;; +n). The left panel of Figure 3 shows a binned scatter plot of
log(c;¢) and log(x;+ + 1) and a regression line based on the 2003 PSID wave. I use the same
n = 0.21 in Table 1. Note that, despite being simple, the tractable consumption function
(10) captures the salient empirical relationships between wealth and consumption reasonably
well. The right panel shows the ¢ estimated from the different PSID waves with the 95%
confidence intervals. In all cases, the estimates are similar and approximately 0.5. Thus, I
calibrate £ at 0.5.

For the scale parameter ¢, I compare the model-implied demand intensity s¢; = %
with the corresponding empirical measure from the beginning of the sample period. By
fitting a linear time trend to the post-1980 data to focus on slow-moving changes, I obtain
Scos3 = 19.5% (see Figure 5 (a)). I adjust ¢ to match the model-induced s¢ 1983 of 19.5%,

given the calibrated Ha,1983; 04,1983, 1], and f
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i log(c) and log(z + n) in PSID, 2003 Wave ¢ estiamted from each PSID Wave
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Figure 3: Consumption function in the PSID

Notes: The left panel shows a binned scatter plot of log(c; ;) and log(x;; +n) based on the PSID 2003 wave
with n = 0.21. The right panel illustrates the estimated slope coefficient £ with the 95% confidence intervals
using each PSID wave and the calibrated value of 0.5.

The R&D productivity parameter 6 is pinned down in the following manner. I first
normalize s4 to one. Given s¢ 19g3 and the similarly estimated trend-level GDP growth rate
g1os3 of the US economy (see Figure 5 (b)), I can determine r and Ly using the equations
in Proposition 4. Then, Equation (15) is used to find a consistent value for 6.

In short, the model is calibrated to resemble the US economy in the early 1980s. By doing
so, I can evaluate the quantitative importance of increasing wealth inequality for productivity
slowdowns and other macroeconomic changes that started to emerge circa 1980.

Other parameters are standard: 5 = 0.96, v =2, s4 = 1, pg = 1/40, § = 0.06, and w = 6.

_1
w—17

Thus, the steady-state markup, is 20 percent, and « is selected by setting the capital

w—1
Woodford (1997) and Rognlie (2016, Table 4), respectively. As in Carroll et al. (2017), the
average working life is 40 years. The depreciation rate of the physical capital stock is 6

percent (Nadiri and Prucha, 1996, Table II).

income share, (1 — ), at 40 percent. These values are chosen following Rotemberg and
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5.2 Transition dynamics

This section quantitatively investigates the transition of the US economy from a low-inequality
economy in the early 1980s to a high-inequality economy in the late 2020s. I examine the
dynamics of major macroeconomic variables, such as productivity growth rates, demand
intensity, real interest rates, and capital-to-income ratios, through the lens of the model.
I document that rising wealth inequality, induced by an increase in idiosyncratic income
risk and income inequality, generates substantial secular variation in these macroeconomic
variables. Thus, I conclude that the distributional factors have significant macroeconomic
implications for long-run growth as well as short-run fluctuations (see, e.g., Coibion et al.,
2017; Kaplan and Violante, 2018).

I consider three cases with different equilibrium concepts. First, I calculate the general
equilibrium transition dynamics. The transition starts from the low-inequality balanced
growth path equilibrium in 1983. Then, in 1984, economic agents realize that wealth in-
equality o,; will exhibit a previously unanticipated gradual increase until 2019 and then
stay at its 2019 level thereafter. Since 1984, economic agents have had perfect foresight re-
garding the corresponding dynamics of the macroeconomic variables, such as p. ¢, 0.+, ot
and f, ;. In 1984, the overhead labor cost Ly also adjusts to its value in the posttransition
balanced growth path equilibrium with o, 2019 and p42019. For this scenario, I assume that
there exists a parsimonious time trend of 0,; = ko + K1t with the time-invariant n in Table
1. As a benchmark, I consider a growth path such that X; and A; grow at the endogenously
determined time-varying rate of g;.®

The second case compares balanced growth path equilibria with different levels of wealth
inequality. For the calibrated o,; and 7; based on each PSID wave, I compute the cor-
responding balanced growth path equilibrium. In this case, I use the wealth distribution
parameters estimated without any restrictions.

Finally, I investigate partial equilibrium dynamics. I fit a linear time trend to the post-
1980 observations of demand intensity sc;. Then, I input this secular decrease in s¢ from
Sci1983 1O Sc019 into the equilibrium conditions for the supply side to derive transition
dynamics consistent with the exogenously assumed path of demand intensity. Because the
household side is absent, this analysis is a partial equilibrium analysis.

Panels (a)-(c) in Figure 5 show the top wealth share, the standard deviation of log

8For details on the solution method, see Appendix D.1.
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Figure 4: Distributional parameters

Notes: The general equilibrium transition path is shown by the solid lines. The balanced growth path
equilibria with different levels of wealth inequality are depicted by the dashed lines with squares.

wealth, and the mean of log wealth, respectively, where a;; = log(z;+ + ) ~ L(ftat, agﬂt).
The empirical top quintile shares estimated from the PSID are almost indistinguishable from
the squares in panel (a), which represent the balanced growth path equilibria with different
levels of wealth inequality. Additionally, with a gradual increase in 0,4, the transition path
(the solid line) captures the increasing concentration of wealth at the top since the 1980s.

This increase in wealth inequality is induced by an upward trend in o, as shown in panel

exp(Ha,t)
1-0.502 ,

a mean-preserving spread requires a decrease in p,; (panel (c)). The idiosyncratic income

(b). Finally, given an increasing o,;, preserving mean wealth x, = — 1y through
risk parameters o, and ji., are depicted in panels (d) and (e), where z;; ~ L(pizy, 02,).
As is common in Bewley-Huggett-Aiyagari models, a larger income risk o,; is necessary to
induce increased wealth inequality (panel (d)). Then, the labor market clearing condition
Elexp(zit)] = % = 1 implies a concurrent decrease in i, ; as shown in panel (e). Finally,
panel (f) illustrates the mode of f,, ;. As shown in Figure 2, the endowment of the newly born
agents f, is highly concentrated around the center of the wealth distribution f,;. Thus, as

o decreases (panel (c)), the mode of f,; similarly shifts leftward.
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Figure 5: Macroeconomic trends in the model and the data

Notes: The general equilibrium transition path is shown by the solid lines. The partial equilibrium transition
path with an exogenous decrease in s¢; is depicted by the dash-dotted lines. The balanced growth path
equilibria with different levels of wealth inequality based on each PSID wave are illustrated by the dashed
lines with squares. The dotted lines represent the empirical moments.

Figure 5 shows the main results from the quantitative analysis of the macroeconomic
dynamics. Accompanied by the secular changes in the distributional factors shown in Figure
4, the aggregate consumption-to-wealth ratio (demand intensity) s¢; decreases (panel (a)),
productivity growth rates decrease (panel (b)), real interest rates decrease (panel (c)), and
the aggregate capital-to-net national income ratio increases (panel (d)). The magnitudes of
these variations are substantial and comparable to the trend-level changes in the data since
the 1980s. Thus, these results imply that rising wealth inequality can significantly affect
macroeconomic trends through its effects on demand intensity sc ;.

Specifically, panel (a) illustrates the demand intensity, defined as the consumption-to-
wealth (inclusive of income) ratio s¢; = % On the general equilibrium transition path (the
solid line), s¢; decreases by 2 p.p. between 1983 and 2019. Because wealth inequality (o, ;)
increases during transition periods and the consumption function (10) is concave, demand

intensity decreases, consistent with the downward trend in the empirical time series (the

9For details on the empirical time series, see Appendix B.3.
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dotted line) and theoretical predictions in Proposition 7 (3). When a linear time trend
in the empirical measure of sc; is directly estimated for the partial equilibrium analysis,
sc further decreases to 16.2% from 19.5% during the same periods (the dash-dotted line).
Comparing the different balanced growth paths (the dashed line with squares) yields similar
results. Thus, rising inequality and the concavity of the consumption function in wealth
inclusive of income explain approximately two-thirds of the trend-level decrease in demand
intensity in the data.

The limited demand and the small market size disincentivize firms from spending on
R&D. Thus, as shown in Proposition 6 and panel (b), productivity growth slows endoge-
nously and substantially. The transition to a high-inequality economy starts in 1984. As
L 41984 decreases, gioss = 0L 4 1984 decreases accordingly. Subsequently, on the general equi-
librium transition path, g; gradually decreases and converges to 1.4%. Similar to demand
intensity, shown in panel (a), the balanced growth paths with different levels of wealth in-
equality feature comparable growth slowdowns. In the partial equilibrium analysis, s¢; and
g; decrease more than along the general equilibrium path, and the posttransition growth rate
is 1%. Thus, wealth inequality has significant growth implications, and this model prediction
is consistent with the empirical time series of economic growth rates (see also Fernald, 2015;
Antolin-Diaz, Drechsel and Petrella, 2017).

These secular trends in demand intensity and productivity growth are further related
to other macroeconomic trends. Panel (c¢) depicts the model-implied r, (left axis) and its
empirical estimates (right axis). T obtain the following result for r; from the Euler equation
(8) (see also Assumption 1(EE2)):

1
(5’7)2(0’3,2019 - 03,1983)' (18)

2019 — 71983 ~ 7(92019 - 91983) + 75(#2,2019 - ,uz,1983) 3

Along the general equilibrium transition path, the three terms on the right-hand side in
Equation (18) equal 1.1 p.p., 0.2 p.p., and 0.2 p.p., respectively. Thus, the modestly intensi-
fied idiosyncratic income risk that underlies rising wealth inequality contributes substantially
to low real interest rates. Additionally, this contribution occurs largely through the general
equilibrium effects on demand intensity, R&D incentives, and productivity growth rates. The
results from different balanced growth path equilibria are comparable with the decreases in
ry from the general equilibrium transition dynamics. Finally, the partial equilibrium analysis

predicts a larger decrease in r; based on a larger decrease in sc;.

27



Panel (d) illustrates the capital-to-net national income ratios fi; ;- The upward trend in
the data documented by Piketty and Zucman (2014) is replicated by the model simulation

results. Because C; + K41 = X;, a decrease in s¢; implies relatively more capital and,

therefore, a higher value of T fi;Kt in the model.

In summary, distributional factors are relevant for long-run macroeconomic dynamics.
The model simulation results imply that rising wealth inequality in the US since the 1980s
has been a major source of productivity slowdowns as well as other salient macroeconomic
trends, such as low demand intensity, low real interest rates, and a high capital-to-income

ratio.

5.3 Welfare implications of wealth inequality

This section assesses the welfare implications of rising wealth inequality. For this purpose, I

define the following social welfare function for a constant A:

W (A = 2 [ i dz] | (19)

N

Cit
Gl ><...><Gt

Cexp(€aiy)), and the cross-sectional distribution of wealth (13) (a;; ~ L(ptas,0%,)) allow the

The scaling by growth rates (¢;; = ), the (scaled) consumption function (10) (¢;; =
social welfare function SW ({AC;+}) to be parameterized by A, {¢:}, and {1, aa,t}.

I compare the balanced growth path equilibrium with low inequality with the general
equilibrium transition path towards a high-inequality economy. The total social welfare cost

of this increase in wealth inequality is summarized by A/ in the following equation:

SW(/\ = 17919837Ma,19837 Ua,1983) = SW()\tOtal7 {gt}7 {Ma,ta Ua,t})-

Aetal reflects the proportional increase in individual consumption on the transition path re-

quired to keep social welfare unchanged from that in the pretransition balanced growth path
equilibrium. This cost is determined by two factors: productivity slowdowns {g;} and rising
wealth inequality {fta+, 0as}. Thus, I decompose A into A9t and A\wealth wwhere A\9rowth
reflects only the cost of productivity slowdowns and A\¥¢?" captures the increase in wealth
inequality. Additionally, the increase in wealth inequality affects aggregate consumption (de-

wealth

mand intensity) and consumption inequality. Thus, A is further decomposed into the

cost of decreasing average consumption relative to wealth (A°¢) and increasing consumption
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)\consumption)

inequality (

Using the general equilibrium transition path in Section 5.2, I find that Afotel  \growth
Awealth = \so and \eonsumption are 1.19, 1.09, 1.09, 1.05, and 1.04, respectively.' The welfare
cost of rising wealth inequality is substantial, amounting to 19% of individual consumption
in every period. Approximately half of this total cost originates from the general equilibrium

gTowth)

effects on productivity slowdowns (A . The remainder originates from the wealth in-

equality, where A*¢?" is almost equally split between the limited average consumption (A*¢)

and the increase in consumption inequality (\consumption) 11

6 Conclusion

This paper studies the implications of rising wealth inequality on productivity slowdowns
through the lens of an endogenous growth model with heterogeneous households. I empha-
size a channel that connects rising inequality with productivity growth through aggregate
consumption demand. An increase in inequality decreases aggregate consumption demand
because rich households save more. Given the limited consumption demand, firms have fewer
incentives to spend on R&D because of smaller market sizes and lower profit gains. Thus,
R&D-based productivity growth endogenously slows. Based on this channel, the model
successfully replicates the macroeconomic trends in the US data since the 1980s, such as
productivity slowdowns, low demand intensity, and low real interest rates. The welfare cost
of rising wealth inequality is substantial because of an increase in consumption inequality, a

decrease in demand intensity, and endogenous growth slowdowns.

A  Proofs

Proof of Proposition 1. First, I focus on the Euler equation (8). When scaled consump-

tion is given by ¢;; = () = ((zis +n)* for all ¢:

3 Risi(p o . ¢
Ci,tJrl _ Gt+1 Cit+1 _ Gt+1 <xi,t+1 +77> _ Gt_H (G:jl (xz,t Cz,t) +mz,t+1 + 7])

Ciy Cit Tig + 1N Tig + 1N

108ee Appendix D.2 for details.
"For the empirical evidence on these trends, see Attanasio and Pistaferri (2014), Attanasio, Hurst and
Pistaferri (2015), Fernald (2015), and Antolin-Diaz, Drechsel and Petrella (2017).
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R - Ret1 = (~ R = Gip1-R £
_ s (G:i(x,t — cwig)) + g (Tag) + [exp(zi7t+1) — G::} (10 +m) — gt 4 n)
Tit+1M

because of budget constraint (6) and Assumption 1(EE5). Because Z;9 = z; by the initial
)

Cia __ exp(zi) (@iotn) \& _
) Ci,fl) - Gl( 5 ” ) -

G1exp(€zi1). Then, for ¢t = 0, the Euler equation (8) simplifies to

condition (EE3) in Assumption 1, ¢(x;0) = ¢(Z;0). Thus

zi,0+N

1 > Eg [BR1G1JY eXP(—f’YZz',l)} ;

which holds with equality by Assumption 1(EE1-2). Thus, the proposed consumption func-
tion solves the Euler equation (8) with equality for ¢ = 0. Furthermore, given ¢;g = ¢(x;0),
Tipt+n = %(%,0 — Cip) +mio + 1 = exp(zi1)(Tip + 1) = exp(zi,1)(Tip + 1) = Tin +1 by
Assumption 1(EE4), implying that #;; = z;,. Therefore, by mathematical induction, the
consumption function ¢;; = ¢(x;;) = ((z;4+n)* solves the Euler equation (8) with equality for
all t. Furthermore, these consumption decisions imply that (1) x;¢1+1 = exp(zi 1) (it +n)
for all ¢, (2) x; = &;; > —n for all ¢, and (3) ¢; 141 = exp(€zis41)ciy for all ¢ (see also the
proof of Proposition 2 for (1)-(3)).

For the transversality condition (9), it suffices to show that the condition holds under
the balanced growth path to which the economy converges in the long run (Assumption 1
(TVC1)). Given the distributional family for z;; (TVC2) and the random growth results
for ¢;; and x;,; in (1) and (3) above, Appendix C specifies 7., and vy in (TVC3) such that
max{7y.,0} < v < 7 is a sufficient condition for the transversality condition (9). Thus,
Assumption 1 is a sufficient condition for the consumption function (10) to satisfy the Euler
equation (8) and the transversality condition (9), which are sufficient conditions for the

optimal consumption—savings decisions. O

Proof of Proposition 2. Suppose that x;; = Z;;. Given ¢;¢ = ¢(c¢;4):

R
Tit+1 = %(l’zt — Cit) + Mipq1
Jr
R R R Gl — R
= 0 @y — (i) + A (Tag) F |exp(zign) — ot | (Fay 1) — — Ly
Gt+1 t+1 Gt+1 Gt+1

= exp(Zip41)(Tig + 1) — 1.
Thus, z; 141 + 1 = exp(2ii11) (it + 1) = exp(2i41)(Zir + 1) = Zir41 (Assumption 1 (EE4)).

30



Because ;o = ;0 > —n (EE3), by mathematical induction, I have:

Tit = Tip > —1,

Tippr + 1 = exp(zir1) (@i + 1)

for all ¢. Finally:

Citr1 = C(Xip1) = C(Tigg1 + 7])£ = exp(&ziri1)C(xis + 77)5 = exp(&2i14+1)Cit

for all ¢. O]

Proof of Proposition 3. Suppose a;i11 ~ L(flat+1,0, ng) To prove Proposition 3, it

suffices to show that [ fars1 — (1 = pa) fas 141] is a well-defined pdf of a random variable

T t41-
Fix b € R. Given Laplacian pdfs f,; and f. ;11 (Assumption 2 (1-2)):
forras1(®) = [ faslb = 9) forpia(s)ds
:/ L exp <—’b_8_ua’t’> L exp (—’S_uz’tﬂ‘) ds
ﬂaa,t Ua,t/\/§ \/_Uz Jt+1 O, t+1/\/_
1 b — 3] |52%8 4 Ao
= —/exp — ds,
200,44+102 441 Ua,t+1/\/§ Uz,t+1/\/_

where § = 22 t“ (S Mz, t+1_A,ua t+1) b= UZ:? (b_ﬂz,t—l-l_,ua,t-i-l)u and A,ua,t+1 = HMa,t+1— Ha,t-
For now, suppose that b > 0. Because —|b— §| < —b+ § = —|b| + 4:

§

| b 5 ot Aasn]
farwrap(D) < —————exp | —— /exp at+ d
t+2/,t+1(D) 2001102141 Oari1/V?2 O'a’t+1/\/§ Oa41/V2

) 1 5 ’ + A,U/a t+1|
= Ja b+ g NG /eX Y =)
f 41 ( H ’H-l) [\/50’,;;¢+1 P (‘7(JL,tJr1/\/i UZ’t+1/\/_

Ta,t0a,t+1

p)
at O t+1

Next, I show that with some algebra, the terms inside the square brackets reduce to exp ( Su : /tf[l>
Note that:

/ 3 | 2o o 8+ Apta,ry1] s
exp S
Ua,t+1/\/§ Uz,t+1/\/_
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§ O'aatj—l 5 + A'U/a t+1 d§
—0o0 <7a,1t+1/\/§ P t+1/\/_

+ /OO 5 O'at+1 5+ A/LatJrl ds
ex 3
T2 Aptae P Ua,t+1/\/§ Ooi1/V?2

at+ A
Ka,t+1
\/_A,Ua t+1 1 V2 V2 Oat \ 4 cat T
= 7 75 o exp + S
Ozt+1 a.t Oat+l  Ozt+1 Ogi+tl oo
Oa,t+1 Oz,t+1 Oa,t+1
(o)
\/_A,ua t+1 1 V2 V2 oa ).
te V2 VZ_ oar NP N 5
Ozt+1 — & Oa,t+1 Ozt+1 Oa,t+1 Tat+1
#bt Oa,t+1 Oz,t+1 Oa,t+1 at+ #t+l Patt - th Apa,t+1
A,U/a t+1 1 \/_ Oayt A/fba,tJrl
= exp exps —v2|1+
Oz t+1 V2 —+ V2 _Tat O2t+1 Oa,t
Oa,t+1 Ozt+1 Oa,t+1 ’ ’
— ex \/_A/iatﬂ 1 expd -2 [1— Tap | Dpla+
P NG V2 _oar P
Oz t+1 — Oz t+1 Oayt
Oa,t+1 Oz,t+1 Oa,t+1
— ox \/— Al 41 1 1
= &XP Vi I ou 2 2 oa
Oa,t+1 Oz,t+1 Oa,t+1 Ta,t+1 Oz,t+1 Oa,t+1

A o 20 o
— exp <_\/§ Ma,t—&-l) a,t+1 2 t+10at

Oat V2 O-g,t - Ug,tJrl?
where I used the assumption that 0,11 < 0, (Assumption 2 (3)) and, therefore, Ua—‘/il —
V2 _oat () Thus, I obtain that:
Oz, t+1 Oa,t+1
~ 1 s |gat A+Auat+l‘
furwgr®) < faer (b4 ttasn) | -=— [ e — s
( ) \/§Uz,t+1 0a,t+1/\/§ 0z,t+1/\/_
2 Aflg41 Oat0at+1
= fat+1 (b + farq1)exp <_ : —

( ) Oat/V2) 0ot — 02111

as desired. When b < 0, I use the fact that —|b — 8] < b — 8 = —|b| — 8 and derive the same

upper bound for f,i . ++1(b).
I also compute an upper bound for f, 41 (l; + ua,tﬂ). By the reverse triangle inequality,

—’B‘ = —|b = paps1 = pzpr1] < =0 — pagia] + [pzpa]- Thus:

1 b
fa t+1(b + fat1) = \/_0 ) exp (—U|1|/\/§)
a,t+ a,t+
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1 T D = flaper = far
= ——exp | —
Oq t—i—l/\/§
1 b — Uat+1|> { 1 1 |12 11
< exp( exp L V2 — praial [ —— — exp (14
\/§0a,t+1 0at+1/\/_ Oat  Oaj+l Ua,t/\/§

ey
< Jfat+1(b —= |,
< fum®)ep (L2

where I use the assumption that o,; < 04441 in the last line (Assumption 2 (4)). Finally, I

have:

b A a, O0q,t0q
farz41(0) < farnn (b + Ma,tﬂ) exp < " t+1> t t+1

Uat/\/_

|,Uz t+1| - Alla t+1 Oa,t0a,t+1
< furnr (B exp ( ’ £41) Oail,
“ Cat/V2 Oat— 02401

= Cip1farr1(b)  forall b eR,

at_Uzt+1

where Cy 1 = 555 exp (MZ’tH'_l:;’f/Eﬁ“a’t)‘ By integrating foi.r141(0) < Ceprfary1(b), 1
a,t z,t+1 Oa,
obtain 1 < Cyy;.
Thus, if pg > 1 — ﬁ (Assumption 2 (5)), then (1 — pg) farsr 141 < ﬁfaﬂgtﬂ < fatt1;

therefore, f,:11 = py [fars1 — (1 —Da)farzrir1] > 0. Thatis, f, i1 is a well-defined pdf. O

Proof of Proposition 4. Let II;; be the profit made by firm j in period ¢:

P. 1-w
o= (21) Y= WL+ Laga + Lar) = (o + 6) Ky
t

Firm j’s Lagrangian is given by

o o P\
L= Z t (1 s ){ ILi s + e jit lK;’t (AjiLy )" — ( ];tt) Y{t]

+ )\A,j,t [(1 + 6)LA,j,iE> Aj,t - Aj,t+1]}.
When firms are symmetric, the first-order conditions are as follows:

Pj,t . >\mc,t = M_17
Ly : WiLy; = M lay;,
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Y,
Kjp:r+6=M711—-a)-t

K,’
W,
Laie: Ay = 2t
At At eAta
Y, 1 A
Ajipr i 1410 = M a A + St (14+0Lat1)-

At+1 )\A,t )\A,t

I obtain Equation (14) from the first-order condition for Kj;. Similarly, I derive Equation
(15) by using the conditions for Ly, La . and A;,.;. Equation (16) directly follows from
Equations (14) and (15). O

Proof of Proposition 5. 1 denote the left-hand side of Equation (16) as L. Then:

M1 -a)

g+ 6+ (1 —0)sc] = B(se) (g + A(se)),

where A(s¢) =6+ (1 —d)s¢ > 0 and B = M;%slc_a) > 0. For a fixed s¢ € (0,1), L is a

linear function in ¢ with horizontal intercept —A and slope B.

Similarly, the right-hand side, R, is given by:

1/
S
R(g,sc,54) =g +0 <aY1—a>
SASK
0 o
=g+ (1=50)" G g+ Alsc))*

=g+ C(Sc)G_l(g + A(Sc))l/a,
where C(sc,s4) = %(1 — sc)'s > 0 for sy > 0and G = 1+ g. It follows that
R(—A, sc,s4) = —A. Furthermore:

aj_l_c<g+A>é +30(9+A>1?T”‘
dg G? o G
zl_C@+AF+1C@+AF
G2 o G?
- 1—aCg+.A)a
=1+— =

In the second line, I use the fact that 0 < g +. 4 < G for all g > —A because 0 < A(s¢) =
1 —(1—-6)(1—s¢)<1. Therefore, %—I; > 1 for all g > —A(s¢).
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Fix sc € (0,1) and s4 > 0. I have L(—A,s¢c) =0 > —A = R(—A, sc,s4), %1; = B,

and R~ 1 for all ¢ > —A. Therefore, if B < 1, there exists a unique g(sc,s4) such that
L(Q(SCUSA)a sc) = R(g(sc,sa),5c,54) and g(sc, s4) > —Al(sc). 0

Proof of Proposition 6. 1 use the notation introduced in the proof of Proposition 5.
I fix sy to focus on the effects of s¢ on g(sc,s4). From Proposition 5, we know that
L(g(sc,s4),8¢) = R(g(sc,sa), SC,SA) Let f(g,sc,sA) be L — R. Then, by the implicit

function theorem, 89(5%“ = 880 L /9L 3y where gf =B — 2% < 0. Therefore,
M>O if and only if ﬁ>O
dsc dsc

With some algebra, I can show that:

0L(g,s¢) 1—a

= -1 d
Dse i 30)2M G, an
8R(g,sc,sA)_1—ozR—g+1—§ R—yg
dsc - a 1-s¢ a G—(1-90)1-sc)
Furthermore,
of OL OR (1—-s5c)?> 0L (1 —s5c)? OR
7 0 I _
8sc> <:>850>(9sc 1—« (9sc> l1—a 0sc’

where the last inequality simplifies to Equation (17) with x being R.

(l—sc)M:| -1
2a—1 )

Next, I turn to the special case in which a@ > s¢, a > %, 9(sc,s4) > — [1 +
and 0 is sufficiently large. I first show that g(sc, s4) and x = R(g(sc, $4), Sc, Sa) are bounded
as ¢ approaches 1. When 6 — 1, A — 1. Thus, L(g, s¢) — B(sc)(1 + g) where 0 < B < 1
by assumption. Similarly, R(g, Sc,sa) converges to g + C(s¢)(1 + g) . Therefore, in the
limit, the graph of L starts from (—1,0), and its slope is 0 < B < 1. On the other hand, the
graph of R starts from (—1, —1), and its slope is greater than 1. As a result as 0 — 1, g(s¢)

is bounded between —1 and 2=, where B(1+¢) and g coincide when g = . Furthermore,

-B
X = R(g(s¢,s4),5c,54) = L(g9(sc, s4), s¢) is bounded because its limit B( c)(l +9(sc, s4))
is bounded.

Since y and g(sc,sa) are bounded, the right-hand side of Equation (17) converges to
=2 (x —g(sc, sa)) as § — 1. Because x = R(g(sc, s4), sc,54) = L(g(sc, sa), s¢), Equation

(17) reduces to M7 (1 + g(sc,sa)) > =22(B(sc)(1 + g(sc,sa4)) — 9(sc,sa)). This last
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~1
inequality is equivalent to g(sc,s4) > — {1 - (1;;73)1/\4] when a > % O]

Proof of Proposition 7. For a large x; such that log(z; + 1) > p,:

%0 1 b— tig
Pr(z; > z) = Pr(a; > log(z + 1)) = /log(x—i—n) 20 exp <—0 /55) db
V2 _V2

Ha _Vv2
=—e — +mn) ea o< x va.
2 P (Ua/\/?> (g 77) *

Thus, the right tail of x; has a Pareto distribution with Pareto coefficient */5

For aggregate wealth and consumption, I use the facts that E{exp[L(x, )]} = f)(pil? (see
Kotz, Kozubowski and Podgérski, 2001) and log ¢; = log ¢ + loga; ~ L(log ¢ + i, §2 3.

For the comparative statics for s¢, note that x = & —n, where & = % It follows that
: 0055 2d0 —dn = 0. By assumption, dn = 0. Thus, Zgg le = —%.

The total differential of s¢ = £ with respect to p, and o7 yields:

dr = dx —dn = Zdp, +

dsc = cic — x—d:v = ; <§cdua + %doi) — %dz.
Finally:
dsc 1 < a 0.5520 ) _0.5¢c ( 1 B £ )
2 a0zl T T 05202 z \1-0502 1- 05602
- ;(1 ~0. ;gjag)igg 0.50—3)5(1 ~&)sc = —Dsc,
where D = %(1 05;?25?;7 0502)5( — &) > 0. Tt is clear that %\x < 0. O

B Data appendix

B.1 Cross-country data

This appendix lists the data sources and details on the construction of the time series pre-
sented in Section 2. Following Piketty and Zucman (2014), the sample of rich countries in
this paper includes the G7 countries (Canada, France, Germany, Italy, Japan, the UK ,and
the US) and Australia.
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(a)

Top 10% wealth shares. Annual series are obtained from the World Inequality
Database. As of September 2021, this series is available for the US, the UK, and

France out of the eight countries.

Top 10% income shares. Annual data are obtained from the World Inequality
Database.

RGDP per capita growth rates. I use annual real GDP per capita data from the
World Bank (constant local currency units, NY.GDP.PCAP.KN). Canadian real GDP
data are available from 1997. I take 9-year moving averages of the growth rates to

concentrate on trend-level variation.

Consumption-to-wealth ratios. For private consumption, I use final consump-
tion expenditure data for households and nonprofit institutions serving households
(NPISHs) from the World Bank (current local currency units, NE.CON.PRVT.CN).
The denominator is net private wealth measured in current local currency units. The
data source is the World Inequality Database (see also Piketty and Zucman, 2014).

The consumption and wealth data are annual.

R&D intensity. Following Benigno and Fornaro (2018), I define R&D intensity as
the ratio of business R&D investment to the R&D stock RD;yp ¢/ RDstock, in each year
t. By using real R&D investment data, the R&D stock in each country is computed

as follows:
RDstock,t+1 = RDinv,t + (1 - 5RD>RDstock,t7

given the initial condition RDgtock0 = RDinv0/drD, Where dgpp represents the depreci-
ation rate of the R&D stock. I fix dgp at the traditionally assumed value of 0.15. The

results are robust to assuming an alternative initial condition RDgcr0 = 0.

The business R&D investment data in current local currencies and the GDP deflators
are obtained from the OECD database. Using the real R&D investment series, the
R&D stock and corresponding intensity measures are constructed for each country
from 1970 to 2018. The missing values of RD;,,: are interpolated from the adjacent
observations. To focus on slow-moving components, I take 9-year moving averages of

the R&D intensity series for each country.
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B.2 Wealth, income, and consumption in the PSID

This appendix covers the details of the variables constructed from the Panel Study of Income

Dynamics (PSID) data, which are analyzed in Section 5.

(a) Sample periods. The PSID wealth data are available in the 1984, 1989, 1994, and

1999 waves and every two years after that.

(b) PSID waves and calendar years. I consider variables in the PSID 1984 wave to be
observations from the calendar year of 1983. The same timing convention is used for

the other waves.

(c) Data cleaning. I use the number of family members to construct the per capita net
wealth and income variables. Additionally, I drop observations if the head of the family

unit is younger than 20 or older than 65.
(d) Definitions of variables.

e Wealth. Net wealth is defined as the sum of the values of a farm or busi-
ness, checking or savings accounts, money market funds, certificates of deposit,
government bonds or treasury bills, real estate, shares of stock in publicly held
corporations, stock mutual funds or investment trusts, private annuities or IRAs,
other assets, and the net value of any cars, trucks, motor homes, trailer, or boat
less the sum of liabilities from a farm, a business, or real estate, credit card or
store card debt, student loan debt, medical bills, legal bills, loans from relatives,
and other debt.

e Income. Income includes taxable income, transfers, and social security income.

e Wealth inclusive of income. Wealth inclusive of income is the sum of net

wealth and total income.

o Consumption. As in Attanasio and Pistaferri (2014), consumption includes
expenditures on food, rent, home insurance, utilities, car insurance, car repairs,
transportation, school, child care, health insurance, and out-of-pocket medical

expenses.
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B.3 Macroeconomic trends in the US economy

This appendix presents the details of the empirical time series shown in Figure 5.

(a) Consumption-to-wealth ratios. Following Laibson (1999), aggregate consumption
includes personal consumption expenditure and government consumption. Aggregate
wealth inclusive of income is the sum of net national wealth K; and net national income
Y; — 6K;. I obtain consumption data from the National Income and Product Accounts
and wealth and national income series from Tables B.1 and S.1 in the Financial Ac-

counts of the United States - Z.1.

(b) Growth rates. To focus on the slow-moving elements of economic growth, I plot the

moving averages of the real GDP per capita growth rate with a window size of 9 years.

(c) Real interest rates. I plot the natural rate of interest estimated by Laubach and
Williams (2003, 2016) using the right vertical axis.

(d) Capital-to-income ratios. I use the time series computed by Piketty and Zucman
(2014) for the US economy.

C Transversality conditions and the relative risk aver-

sion coefficient

In this appendix, I present the details on the calculation of v, and vy in Assumption

1(TVC3). Note that the transversality condition is given by:
: T 7y ] —
lim B, |67 (Cir) " Xix] = 0.

This condition holds if:

lim [E, =0 and lim [E
T—o0 T—o0

Coir\ "

T iT nr

Zut 210
& (Q‘,O) n ]

because these two equations imply that limp_,., Eq [ﬁT (Cir) " (Xir + 77T)} = 0 and limy_,o

57‘ <Oi,T> - Xir +nr
Cio Xio+n

Eo[87(Cir) " "nr] = 0. Thus, I derive a sufficient condition for these two conditions.
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Using the random growth results in Proposition 2, I have C;; = Gyexp(€2;)C;—1 and
Xt +m = Grexp(2it)(Xit—1 + mi—1). Because g = . I obtain:

gr ( ) Xix Al _ g7 [ﬁ G, exp(—&v2i )] [ﬁ G, exp(z >]
Cl,() Xi’() + ’I’] ] T 1,T ] T 1,T

=7 [H G 7 exp((1— é’y)zi,f)] :

Let &(v) be E[exp(vz;¢)]. Then,

BT (Ci,T> - Xir +nr

T
— GIE(1 - &y).
o X0t [[8G;7E(1-¢v)

=1

Eo

Because g;, p.¢, and o, converge to g, j., and o,, respectively, as t — oco. &(1 — &)

converges to £(1 — £v) as t — oo. By continuity and given that 3G*™7E(1 — &) > 0, it is

clear that limg-, .. Fo [@T (Gx ) Xertrr | _ g if BGIE(1 — £9) < 1, or, cquivalently,
TVe(v) = —p+ (1 =) +log(E(1 —&y)) <0, (C.1)

where § = log(G).
Similarly:

Eo

C.
T @,
(@) 5

{ [ Givexp(—fvzw)lf[:l&}
fj GIE (—&7).

Thus, lim7_,o E {BT ( ZO) - 775] =0 if BG'E(=Ey) < 1, or, equivalently:

TVy(v) = —p+ (1 —=7)g +1log(E(—£7)) < 0. (C.2)

When 2; 4 ~ L(f124, afﬂt):
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Given that |1 — &v] < 7\/5

TVa(3) = —p+ (1= 2)9 + (1 =€) —log (1= 31— €9)%02).

It is straightforward to show that 7V (y) > 0; therefore, TV, is strictly convex. Further-
more, as 1 — &y approaches j:;/—f, TV, diverges to co. As a result, given that |1 — &£y| < ;/—f,
Equation (C.1) is equivalent to:

Vo, . <7 < Va,U,

where 7, and 7,y are two distinct real roots of TV, (y) = 0 such that |1 — &v| < V2 If o

A
real root of this equation does not exist, I define v, ;, = oo and 7,y = —oo. Similarly, given
V2.
that [§y] < L=

1

TV2) = =p+ (L= + (=En)n. —log (1= 5(=3)%?).

which is strictly convex and diverges to oo as v approaches j:fflg/—f. I define v, 1, and 7, v
accordingly.

Thus, if max{vy.,0} <y < 7y, the transversality condition is satisfied, where

v = max {%QL7 %},L} and 7y = min {'Yx,Ua ’Yn,U} :

Finally, in the special case where n = 0, n, = 0 for all £, TV, (y) < 0 is redundant.

Therefore, in this case, v, = 7,z and v = 1. v.

D Solution methods for the quantitative analysis

This section covers the computational methods used for the quantitative analysis in Sections

5.2 and 5.3.

D.1 Transition dynamics

I first express the variables that grow in terms relative to X;, e.g., sy, = %, Swi = %,
Skt = %, and s4,; = )A}—i. Because I consider a growth path such that X; and A; grow at the

rate of g, Sa: = sa.
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From the firms’ first-order conditions in the proof of Proposition 4, I obtain the following

equilibrium conditions:

SthLYJ == M_1CJZSY7t, (Dl)
P60 = M1 — )2 (D.2)
SKt
S
14 ry = ;Vvt“ (14 gipo + 0Ly i41). (D.3)
Wit

Furthermore, the production function (2), the aggregate resource constraint (X; = Cy+ K1),

and the zero-profit condition preventing new entry yield the following equilibrium conditions:

sy = Skt SALY4, (D.4)

1 —scy
.1 D.5
KT + gi41’ (D-5)
0=syy — swi(Lys + g1/0 + Lag) — (14 + ) sk s, (D.6)

where I use the fact that g, = 0L 4, in the last equation.

The economy is assumed to be on a balanced growth path in 1983. Thus, Kjgs4 and

G19sa = OL 4 1983 are determined accordingly. Because Xigss = (1 + ¢1984)X1083, Sk 1984 COD-

stitutes an initial condition for the transition dynamics that start in 1984. I assume that the

economy converges to its new balanced growth path equilibrium with a high level of wealth

inequality within 50 years after the wealth distribution stabilizes in 2019. I use the following

algorithm to derive this transition path.

1.

Using the assumed path of u,; and 0,4, calculate {sc.}.

Guess Sy 1934

. Compute Ly 1954 from Equation (D.4), sw19s4 from Equation (D.1), r19s4 from Equation

(D.2), g19s5 from Equation (D.6), and sk 1985 from Equation (D.5).
Guess Sy 1985

Compute Ly 1985 from Equation (D.4), sy 1985 from Equation (D.1), 71955 from Equation

(D.2), g19s6 from Equation (D.6), and sk 1986 from Equation (D.5).
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6. Calculate another riggs from Equation (D.3) using the values of Swios5, g1086, and
Ly 1985 obtained from Step 5 and that of sy 1984 from Step 3. If this rigg5 is different

from the ri9g5 computed in Step 5, go to step 4.
7. Iterate forward.

8. If go069 is not equal to the growth rate in the posttransition balanced growth path

equilibrium, go to step 2.

After deriving the dynamics of the aggregate variables, I calculate ji, ;11 and o, 441 from the
Euler equation (E[SR:+1G,; exp(—&7yzit41)] = 1) and the labor market clearing condition
(Elexp(2i441)] = 1).'? Finally, f, 1 follows from Equation (12).

D.2 Welfare analysis

This section presents the computational details for the social welfare function in Equation
. . 1—

(19) and for Aiel, \oowth and Xdispersion Note that (AC;,)' ™" = (IIiey G- ) (Aeig) 7.

Then:

1—’}/ —/y.

- 1=y 1—
AC )T =1 N . / i 1
2 di=A" (] — di —
/ i T:1GT T t— 1

el
i di by v;. Because ;i =" explé(1—v)ai,] and a;y ~ L(ptar, 02,), I obtain:

I denote [

_ _ ¢ epl6(l —9)pad 1
U = V(ftagt, Oat) = 1—0.582(1 —~)202, 1 —7~

if |€(1 —7)044] < v/2. This inequality condition holds for all quantitative exercises in this
paper. Thus:

1
J(1=5)

SW ()‘7 {gt}7 {Ma,t7 Ua,t}) = )‘1_7 ; {Bt (1;[1 G7—> U(/vbzz,t, O'a,t)} - (1 —

121 assume that tz.1984 and o 1984 are equal to their 1983 values. Note that the Euler equation evaluated
in 1983, 1 = BE1983[Ri4+1G ;) exp(—&72i,1084)], holds under perfect foresight in 1983, i.e., foresight of the
balanced growth path equilibrium. However, a structural change occured in 1984, and Ri9g4 deviated from
the previously expected value. Thus, this Euler equation with the realized value of Rjgg4 is not used to
calculate the corresponding values of p 1984 and o 1984.
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I define Mfotel  \growth and \wealth ag follows:

SW(A =1, 91983, ha,1983: Ta,1983) = SW()\gmwmy {19¢}, Ha,1983, 0a,1083)
— SW()\Qrowth)\wealth, {gt}7 {Ma,h O-a,t})v and

total __ ygrowth ywealth
A = A A .

The social welfare functions are evaluated in 1984 when the transition begins. With some

algebra, it follows that:

/\growth _ U1983/(1 - BG1983)
20 |8 (T Griosa)

01983]

/\wealth —

1
1—vy T
t
ey [5t (HT:1 GT+1984) U1983]
1— ’
t
Zfio [5t (HTzl GT+1984) V41984

For the decomposition of A¥¢¥" into \*¢ and A\enswmption T note the following fact:

s :g_éexp(ﬁuat)
“r T, 1-0.58202,

log(c;t/ct) ~ L(log(1 — 0.5 2027t), 202 ).

a,t

In the first line, I use the fact that scaled aggregate wealth x; equals one. Because v, =

-
di = ci7 [ L t/ct  di, 1 write:

1=y~
Vy = SC,t V¢,

~ ~ 1-0.5¢202 )1—7 .
where ¥, = 9(04;) = W_‘%zgztﬁ Then, \*¢ and \“msumPton gare defined as follows:
a,

1,
Zfio [ﬁt (Hizl GT+1984) ! U1983}
E— ] , and

)\SC —
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1=y 1. T

0 t t ~
Zt:() {5 ( =1 GT+1984) Sc,t+1gg401983]

1—y
) t
Zt:O {W ( =1 GT+1984> Ut+1984}

)\consumption _

1- N .
where V41084 = S¢ /) 10840141083 and XWealth = \sc yconsumption,
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