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Abstract
We model dynamic investment, financing and default decisions of a firm, which begins
its life with a collection of growth options. The firm exercises them optimally over time,
and finances the costs of investment by trading off tax benefits of debt with both distress
costs and agency costs of debt. Conflicts of interests between equityholders and various
classes of debtholders are managed through optimal choice of investment triggers, capital
structure, and default triggers. We show that (i) existing debt may significantly distort investment decisions (debt overhang and risk shifting); (ii) anticipating distortions
induced by debt, firms with more growth options on average have lower leverages, consistent with empirical evidence; (iii) the seniority structure of debt has significant effects on
the firm’s default, leverage, and investment decisions, when existing debt is exogenously
given; (iv) when future growth options are anticipated, the firm optimally chooses its
initial investment and leverage decisions, which substantially mitigate the anticipated
endogenous debt overhang, and make debt seniority structure much less relevant.
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Introduction

Corporations face potentially interdependent, dynamic investment and financing decisions.
Corporate debt and equity are issued to finance these investment opportunities, and hence
their values depend on the firm’s investment, financing and default decisions. This paper
provides an analytically tractable framework to analyze dynamic corporate investment, financing, and default decisions.1 The firm starts as a collection of growth options and optimally exercises these growth options over time. It finances the exercising costs of these
growth options by adjusting its capital structure via sequential issuances of debt and equity.
This naturally generates multiple classes of debt with different seniorities and priorities. The
firm’s composition in terms of assets in place and growth options changes over time, and
hence the firm must confront the evolving conflicts of interests between equityholders and
debtholders.
The conventional wisdoms of debt overhang (Myers (1977)) are that (i) the pre-existing
debt discourages the firm from investing because part of the value increase from new investment accrues to existing debtholders due to the debt priority and seniority structure; and
(ii) anticipating this debt overhang, the firm lowers its initial debt issuance. Hennessy (2004)
studies the effect of pre-existing debt on firm’s investment by injecting a consol debt into a
neoclassical inter-temporal capital accumulation model of Abel and Eberly (1994). Empirically, he finds a significant overhang effect, in that the pre-existing debt may substantially
distort investment and lower firm value. We contribute to the debt overhang literature in
three ways. First, we show that the pre-existing debt not only generates debt overhang (Myers (1977)), but also potentially induces excessive risk taking (Jensen and Meckling (1976)).
Second, we enrich the results on debt overhang by showing that debt seniority structure plays
an important role in determining investment, leverage, and firm value, when debt is exogenously specified. Finally and more importantly, we show when future growth options are
anticipated, the firm optimally chooses its initial investment and capital structure decision
to significantly mitigate the endogenous debt overhang. Debt seniority structure also plays
a much less significant role in terms of ex ante firm value, when debt is endogenously chosen. Our results on endogenous debt overhang suggest that we shall cautiously interpret the
extant debt overhang literature, which is based on the assumption that debt is exogenously
specified.
1

See Stein (2003) for a survey on corporate investment, agency conflicts, and information. See Caballero
(1999) for a survey on aggregate dynamic investment. See Harris and Raviv (1991) for a survey on theories
of capital structure.
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Our paper provides a natural bridge between structural credit risk/capital structure models, and the dynamic irreversible investment theory.2 We find that even for firms with only
one growth option, integrating investment and financing decisions generates new insights,
not captured by either the standard irreversible investment models such as McDonald and
Siegel (1986), or credit risk/capital structure models such as Leland (1994). For example,
Leland (1994) shows that the default threshold decreases in volatility for the standard (put)
option argument in a contingent claim framework based on the standard trade-off theory
of Modigliani and Miller (1963). However, the default threshold in our model may either
decrease or increase in volatility. The intuition is as follows: (i) a higher volatility raises the
investment threshold in our model for the standard (call option) value of waiting argument;
(ii) a higher investment threshold naturally leads to a greater amount of debt issuance. That
is, the firm issues more debt (but at a later time), when volatility is higher. Larger debt
issuance raises the default threshold, ceteris paribus. As a result, unlike Leland (1994), we
have two opposing effects of volatility on the default threshold due to endogenous investment
in our model.
Now consider a firm which makes sequential investment and financing decisions. In order
to sharpen our intuition, we perform our analysis in two steps. First, we analyze the impact
of existing debt on future investment, leverage, and default decisions. Then, we endogenize
the initial investment and leverage.
First, fix the coupon and the amount of first debt issuance. Provided that the amount of
pre-existing debt for the firm is not too high, the firm rationally delays exercising its future
growth option.3 The intuition is as follows: After collecting the proceeds from (earlier) debt
issuance, the firm no longer behaves in seasoned debtholders’ interests. Equityholders and
new debtholders pay for the exercising cost, but the benefits from investment first go to
seasoned debtholders under the absolute priority rule (APR).4 This ex post wealth transfer
effect discourages the firm from investing. However, once the existing debt is sufficiently high,
the firm starts to take excessive risks (risk shifting) by prematurely exercising growth options.
2
McDonald and Siegel (1985, 1986) and Brennan and Schwartz (1985) are fundamental contributions to
modern real options approach to investment under uncertainty. Dixit and Pindyck (1994) is a standard
textbook reference on real options approach towards investment. Abel and Eberly (1994) provide a unified
framework integrating the neoclassical adjustment cost literature with the literature on irreversible investment.
Grenadier (2002) shows that strategic interactions among agents may substantially erode the option value of
waiting.
3
Numerical work that studies the effect of pre-existing debt on investment includes Mello and Parsons
(1992), Mauer and Triantis (1994), Parrino and Weisbach (1999), and Moyen (2006).
4
By APR, we refer to the seniority structure that more seasoned debt has strict priority over the newer
debt in default.
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This risk shifting incentive is another widely studied form of conflicts of interests between
equityholders and debtholders (Jensen and Meckling (1976)). When the firm engages in risk
shifting, the seasoned debtholders bear more default risks. Intuitively, when outstanding debt
is too high, equityholders are better off by unloading some credit risks to senior debtholders.
Not surprisingly, we also find that financial contracting such as the debt seniority structure
plays a significant role for the degrees of debt overhang and risk shifting. We show that the
debt overhang distortions and risk shifting incentives are more severe under APR than under
the pari passu structure, when debt is exogenously specified.
Next, we endogenize the initial investment and leverage decisions. Because the firm
anticipates future conflicts of interests between debtholders and equityholders once debt is
in place, the firm takes a lower leverage to finance its first growth option exercising, ceteris
paribus. This provides an explanation for why firms with more growth options may take a
lower leverage (Smith and Watts (1992) and Rajan and Zingales (1995)). Moreover, our model
predicts that the more attractive the firm’s future growth options are, the lower the firm’s
current leverage is, ceteris paribus. When the firm fully anticipates agency conflicts induced
by debt, the firm manages to stay within the region of moderate levels of debt, and hence
avoids ex post risk shifting in endogenous debt overhang region. Intuitively, equityholders do
not want to issue too much debt in the first stage and then behave opportunistically ex post
via risk shifting. Finally, we find that debt seniority structure (APR versus pari passu) has
smaller effects on ex ante firm value under a wide range of specifications for various structural
parameters. Intuitively, the firm may use the initial investment and leverage decisions to
mitigate the anticipated conflicts between debtholders and equityholders. Our model may
also be viewed as a natural extension of Black and Cox (1976), who study debt pricing
with exogenously specified seniority structure for debt in a contingent claim framework.5
Unlike Black and Cox, our model incorporates real investment and agency theory into these
structural pricing models with multiple classes of debt.
Recently, there is a growing body of literature that extends Leland (1994) to allow for
strategic debt service,6 and dynamic capital structure decisions. Fischer, Heinkel, and Zechner (1989), Goldstein, Ju, and Leland (2001), and Strebulaev (2006) formulate dynamic
5
While we focus on the seniority of debt, there are studies which differentiate the priority structure between
market debt and bank debt. For example, Hackbarth, Hennessy, and Leland (2005) study the optimal mixture
and priority structure of bank and market debt using the tradeoff theory. They focus on the strategic debt
service motives and do not model investment decisions.
6
Anderson and Sundaresan (1996) use a binomial model to study the effect of strategic debt service on
bond valuation. See Mella-Barra and Perraudin (1997), Hua and Sundaresan (2000), and Lambrecht (2001)
for continuous-time contingent claim treatment.
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leverage decisions with exogenously specified investment policies.7 Leary and Roberts (2005)
empirically find that firms rebalance their capital structure infrequently in the presence of adjustment costs. Following Leland (1994), most contingent claims models of credit risk/capital
structure assume that the firm’s cash flows are exogenously given and focus on the firm’s financing and default decisions.8 Unlike these work, our model endogenizes growth option
exercising decisions and induces dynamic leverage decisions via motives of financing investment.9 Titman and Tsyplakov (2005) also build a model that allows for dynamic adjustment
of both investment and capital structure. Their model is based on continuous investment decisions, while our model focuses on the irreversibility of growth option exercising.10 We solve
the model in closed form (up to a few nonlinear equations), while Titman and Tsyplakov
(2005) have three state variables and numerically solve the decision rules. Ju and Ou-Yang
(2006) show that the firm’s incentive to increase firm risk ex post is mitigated if the firm
wants to issue debt periodically. In the interest of parsimony, we abstract from stochastic
interest rates.11
Our work is closely related to Hennessy and Whited (2005, 2006). Our paper complements
their analysis, in that we also study dynamic investment and optimal capital structure with
tradeoff, debt overhang, and endogenous default. Our work differs from theirs in the following
aspects. First, motivated by the desire to deliver a parsimonious framework to integrate
dynamic investment with capital structure decisions, we derive a closed form characterization
for default thresholds, investment thresholds, and optimal capital structure. In contrast, they
aim to capture realism (such as tax codes, distribution policy, and wedge between internal and
external financing) and focus on the model’s fit to the data. Second, we model irreversibility
of investment explicitly and generate endogenous action/inaction regions for investment. In
their model, real investment decisions can be continuously adjusted. Third, we assume that
debt financing is accomplished through the issuance of perpetual debt as in Leland (1994)
and Hennessy (2004), while they use one period debt. Finally, we focus on the effects of
endogenous debt overhang and the seniority structure of debt on investment, financing, and
7
Early important contributions towards building dynamic capital structure models include Kane, Marcus,
and McDonald (1984, 1985).
8
Leland (1998) extends Leland (1994) by incorporating risk management with capital structure, and also
allows the firm to engage in asset substitution by selecting volatility of the project.
9
Our model ties the investment and financing adjustments to occur at the same time. This assumption
is made for analytical convenience. We leave extensions to allow for separate adjustments of investment and
financing for future research.
10
Brennan and Schwartz (1984) is an early important contribution, which allows for the interaction between
investment and financing.
11
See Kim, Ramaswamy, and Sundaresan (1993), Longstaff and Schwartz (1995) and Collin-Dufresne and
Goldstein (2001) for extensions of Merton (1974) to allow for stochastic interest rate and other features.
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leverage decisions.
We abstract away from other frictions that may affect capital structure and investment
decisions, such as conflicts between managers and shareholders and costly external financing.
Using the empire building/free cash flow theory of Jensen (1986), Zwiebel (1996) develops a
model of dynamic capital structure in which the manager trades off the benefits from empire
building with the need to ensure sufficient efficiency to avoid control challenges.12 Gomes
(2001) studies the investment behavior of financially constrained firms and finds that standard
investment regressions may produce misleading results. Cooley and Quadrini (2001) analyze
an industry dynamics model of investment where the firm faces costly external financing.
In our model, securities (debt and equity) are taken as given. Recently, there is a growing
interest to study dynamic capital structure as a security design problem. DeMarzo and
Fishman (2005), and DeMarzo and Sannikov (2006) use recursive contracting methodology to
derive optimal dynamic contracts and implement the contracts with capital structure (using
credit line, long term debt and equity) in discrete time and continuous time formulations,
respectively.
The remainder of the paper is organized as follows. Section 2 introduces the model setup
and summarizes the results for the benchmark with equity financing. Section 3 solves for the
firm’s interdependent investment, default, and leverage decisions via backward induction.
Section 4 derives closed-form solutions for the investment, financing, and default decisions,
and analyzes the interactions among these decision rules for firms with only one growth
option. In Section 5, we first study the effects of existing debt on investment, default, and
leverage decisions; and then solve for the initial investment and leverage decisions, taking
into account the anticipated debt overhang problem in the future. Section 6 concludes.

2

Model setup and an all-equity benchmark

We first set up a model that allows for joint determination of sequential investment, financing,
and default decisions. Second, we solve for optimal investment decisions when the firm is all
equity financed. We later use this all-equity setting as a natural benchmark to assess the
impact of debt financing on investment.
12

Building on Jensen (1986), Stulz (1990), and Zwiebel (1996), Morellec (2004) develops a contingent claim
model with manager-shareholder conflicts and shows that this agency conflict lowers leverage ratio.
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2.1

Setup

Assume that the firm behaves in the interests of equityholders. The firm starts with two
sequentially ordered growth options with no initial assets in place. Suppose that the second
growth option can only be exercised after the first asset (obtained from exercising the first
growth option) is in place. That is, the second growth option may be viewed as an expansion
option once the first asset is in place.13 Exercising the first and the second growth option
costs I1 and I2 , respectively. At each investment time, the firm may issue a mixture of debt
and equity to finance the cost of exercising the growth option. Assume that debt has a tax
advantage. The firm faces a constant tax rate τ > 0 on its income after servicing interest
payments on debt.
The firm observes the demand shock X for its product, where X is given by the following
geometric Brownian motion (GBM) process:
dX(t) = µX(t)dt + σX(t)dWt ,

(1)

where W is a standard Brownian motion.14 We may view X as the price process for the
good produced by the firm. Assume that the risk-free interest rate is constant and is equal to
r. For convergence, we assume r > µ. Let Π1 (x) and Π2 (x) denote the after-tax (all-equityfinanced) values of assets in place generated from exercising the first and the second growth
options, respectively. Under all-equity financing, the asset in place from exercising the k-th
growth option is given by
Πk (x) =

1−τ
Qk x,
r−µ

(2)

where Qk > 0 and k = 1, 2. The k-th asset in place generates revenue at the rate of Qk X,
where Qk is the (constant) quantity produced from the k-th asset in place. There is no
variable production cost, and hence Qk X is the firm’s profit rate. For analytical tractability,
we have intentionally chosen to model the firm as one with two sequentially ordered growth
options. While our model of the firm has a stylized capital accumulation process, it captures
the repeated interactions between the firm’s investment and financing decisions.15
Insert Figure 1 here.
13

See Abel and Eberly (2005) for a model on investment and valuation with growth options.
Let W be a standard Brownian motion in R on a probability space (Ω, F , Q) and fix the standard filtration
{Ft : t ≥ 0} of W . Since all securities are traded here, we directly work under the risk-neutral probability
measure Q. That is, the stochastic process (1) is under this risk neutral measure Q. Under the infinite horizon,
additional technical conditions such as uniform integrability are assumed here.
15
We may extend our model to allow for multiple sequentially ordered growth options. The analysis (with
multiple growth options is essentially the same as that one here for two growth options.
14
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Figure 1 describes the decision making process of the firm over its life cycle. The firm
may exercise its first growth option by paying a one-time fixed cost I1 at endogenously chosen
time T1i as in McDonald and Siegel (1986). When exercising the first growth option at T1i ,
the firm may issue a mixture of debt and equity to finance the exercising cost I1 . Here, we
follow Leland (1994) to assume that the firm will issue debt with infinite maturity. Let c1
denote the coupon rate on the perpetual debt. This assumption of perpetual debt simplifies
the analysis substantially and does not alter the key economic insights. When the firm does
well, equityholders collect all the excess cash flows after servicing the debt payments and
paying taxes. On the other hand, equityholders also inject the needed funds to the firm to
service the debt and pay taxes when the firm has shortfalls in earnings, provided that it is in
their interests to do so. Therefore, as in Leland (1994), our model does not have a role for
retained earnings.
After the first asset is in place, the firm collects the cash flows Q1 x before either exercising
its (second) growth option, or exercising its (first) default option. Let T1d and T2i denote the
endogenously chosen time for firm’s first default and the second investment, after the exercise
of the first growth option (t ≥ T1i ). As in the standard tradeoff theory, assume that debt may
potentially cause distress at default, and hence is also costly to the equityholders ex ante.
Assume that the firm recovers a fraction of residual values from the first asset in place and
also from the second (unexercised) growth option, upon default at T1d . Extending Leland
(1994), we assume that the firm’s total value V1 ( · ) at the first default time T1d is given by a
fraction (1 − α) of the sum of (i) the “un-levered” value of (first) asset in place Π1 (X(T1d ))
and (ii) ωΠ2 (X(T1d )), a proxy for the unexercised (second) growth option,16 in that


V1 (X(T1d )) = (1 − α) Π1 (X(T1d )) + ωΠ2 (X(T1d )) ,

(3)

where Π1 (x) and Π2 (x) are given by (2), and 0 ≤ ω < 1. As in Leland (1994), we interpret
0 ≤ α < 1 as a measure of inefficiency due to default. The firm loses value because of (i)
distress cost (α > 0) and (ii) forgone tax shelters. Intuitively, the residual value from the
(unexercised) growth option is lower than the (first) asset in place (0 ≤ ω < 1). For example,
the growth option may be potentially less tangible than the asset in place, and the debtholders
(upon seizing the control of the firm) can only sell the unexercised (second) growth option at
a discount, compared with the first asset in place. One may argue that the inalienability of
the manager’s human capital for the (second) growth option may be more significant than for
the (first) asset in place. As a result, it may be harder to sell the unexercised growth option,
16
We have ignored the option value of waiting to invest in this linear payoff specification. However, our key
results do not hinge upon the specific formulation at the default boundary.
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ceteris paribus. Because the firm receives a scrap value (1 − α) ωΠ2 (X(T1d )) at default time
T1d without paying the cost I2 , we need to make sure ω is sufficiently low to ensure that the
(second) growth option has a lower scrap value in default than the (first) asset in place.
If the demand shock X is sufficiently high, then it is optimal for the firm to exercise
its second growth option. By paying the fixed investment cost I2 and exercising its second
growth option at endogenously chosen time T2i , the firm generates an additional stream of
cash flows Q2 X, in addition to the stream of cash flows Q1 X from the first asset in place.
Therefore, the total cash flow is given by (Q1 + Q2 ) X, after T2i and before the firm exercises
its second default option at T2d . Let Q = Q1 + Q2 . As at the first investment time T1i , the
firm finances the exercising cost I2 , by issuing a mixture of equity and the second perpetual
debt with coupon c2 at the second investment time T2i . For simplicity, we assume that the
firm cannot call back its first perpetual debt, when exercising its second growth option and
issuing the second debt.17
After both assets are in place and both types of debt are issued, the firm may default at
endogenously chosen time T2d , if the demand shock X is sufficiently low. Let Π(x) denote the
total “un-levered” firm value (with positive tax rate τ ):
Π(x) = Π1 (x) + Π2 (x) =

1−τ
Qx,
r−µ

(4)

where Q = Q1 + Q2 . If the the firm defaults at T2d , then the firm’s default value is given by
(1 − α) Π(X(T2d )), where Π(x) is given by (4), and 0 ≤ α < 1 is a measure of inefficiency due
to default as in Leland (1994).
The long maturity of debt allows us to generate debt overhang in a convenient way
(Myers (1977) and Hennessy (2004)) . We leave the modeling of debt maturity for future
research. Because debt is perpetual and not callable, the first debt continues to exist even
after exercising the second growth option. Let D2s (x) and D2n (x) denote the market values
of the first (seasoned) debt, and of the second debt issued at the second investment time T2i ,
respectively. These debt values (after the second growth option is exercised) are given by
#
"Z d
T2
d
(5)
e−r(s−t) c1 ds + e−r(T2 −t) D2s (X(T2d )) , T2i ≤ t ≤ T2d ,
D2s (x) = Etx
t

D2n (x)

=

Etx

"Z

T2d

−r(s−t)

e

−r (T2d −t)

c2 ds + e

t

#

D2n (X(T2d ))

,

T2i ≤ t ≤ T2d ,

(6)

where Etx ( · ) denote the conditional expectation at time t when X(t) = x. The residual
values of the first and second debt, D2s (X(T2d )) and D2n (X(T2d )) are given by the debt seniority
17

We will return to this point later when we discuss the callability of the first debt.
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structure to be discussed later. We assume that the seniority structure is always respected in
distress and there is no deviation from the covenants. The majority of this paper focuses on
a commonly observed seniority structure: The more seasoned debt has strict seniority over
debt issued later (absolute priority rule (APR)). In Section 5, we also consider an alternative
seniority structure, where all debt has equal priority regardless of the issuance date, i.e. pari
passu. Since these two debt structures have different implications on the residual values of
debt, they also have implications on investment and financing decisions. The total market
value of debt after exercising both growth options is then given by D2 (x) = D2n (x) + D2s (x).
Let D1 (x) denote the market value of the first debt after the first growth option is exercised,
but before the second growth option or the first default option is exercised. We have
"Z d i
#
T1 ∧T2
−r (T1d −t)
−r (T2i −t) s
x
−r(s−t)
d
i
D1 (x) = Et
e
c1 ds + e
D1 (X(T1 ))1T d <T i + e
D2 (X(T2 ))1T d >T i . (7)
1

t

2

1

Before delving into the details on the interactions between sequential investment and
financing, we first propose a benchmark, where the firm is all equity financed.

2.2

Benchmark: All equity financing

By definition, there is no debt (c1 = c2 = 0) under all equity financing. Since the firm’s
demand shock follows a GBM process (1) and has no variable production cost, the firm never
liquidates. The firm chooses its first investment time T1i , and its second investment time
T2i ≥ T1i to maximize its value given below:
"Z
Ex

∞

T1i

−rT1i

e−rs (1 − τ ) Q1 X(s)ds − e

I1 +

Z

∞
T2i

−rT2i

e−rs (1 − τ ) Q2 X(s)ds − e

#

I2 .

(8)

Throughout the paper, we will focus on the parameter regions under which the firm finds
optimal to exercise the growth options sequentially. Under all equity financing, the following
condition ensures that sequential exercising of the growth options is optimal.
Condition 1 Investment benefits and costs satisfy the following inequality:
Q2
Q1
<
.
I2
I1

(9)

The above condition gives a notion for decreasing returns to scale (Grenadier (1996)). Intuitively, the second growth option is less attractive than the first growth option, when the cash
flow multiple Q2 scaled by the investment cost I2 is lower than Q1 /I1 . Naturally, the option
value of waiting remains strictly positive after the firm exercises the first growth option.
9
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Let E0 (x) denote the equity value before exercising the first growth option (t ≤ T1i ). Let
E1 (x) denote the equity value before exercising the second growth option but after exercising
the first growth option (T1i ≤ t ≤ T2i ). The following proposition summarizes the known
results when the firm is all equity financed and is subject to a corporate tax at rate τ .
Proposition 1 The investment decisions under all equity financing are characterized by the
threshold strategies: T1i = inf{t ≥ 0 : X(t) = xi1 } and T2i = inf{t ≥ 0 : X(t) = xi2 }. Under
i
ae
Condition 1, we have xi1 = xae
1 and x2 = x2 , where

xae
=
k

1 r−µ β
Ik ,
1 − τ Qk β − 1

k = 1, 2,

(10)

and β > 1 is given by




 s
2
2
2
σ
σ
1
µ−
β = 2 − µ −
+
+ 2rσ 2  .
σ
2
2

(11)

Equity values E0 (x) and E1 (x) are given in Appendix A.1.

When Condition 1 holds, it is optimal for the firm to sequentially exercise its two growth
options. Intuitively, the exercising decisions for the two growth options are effectively independent. That is, both xi1 and xi2 are equal to the respective threshold in a setting with only
one growth option (and the same set of parameters). We may strengthen our intuition for
this result by noting that the joint maximization problem given in (8) may be separated into
two independent one-growth-option exercising problems with parameters (Ik , Qk ), provided
that Condition 1 holds. Intuitively, the technological constraint that the second growth op
tion can only be exercised after the first growth option is exercised T2i ≥ T1i , is not binding.

Second, taxes lower the benefits from investing under all equity financing. This explains the
factor 1/ (1 − τ ) for the investment thresholds xi1 and xi2 given in (10). Finally, both xi1 and
xi2 increase in volatility, as in standard real options model such as those of McDonald and
Siegel (1986).
When Condition 1 does not hold, in that Q1 /I1 ≤ Q2 /I2 , simultaneous exercising of
both growth options is optimal. Intuitively, the second growth option is immediately worth
exercising after the exercise of the first growth option. The firm rationally chooses the optimal
exercising strategy by treating the two sequentially ordered growth options as a combined
growth option with exercise cost I = I1 + I2 , and Q = Q1 + Q2 . The optimal investment
threshold is then given by xi1 = xi2 = xae , where xae is given by (10), with the exercising cost
I = I1 + I2 and Q = Q1 + Q2 .
10

For future comparisons, let x∗1 and x∗2 denote the first and second investment threshold
without taxes (τ = 0) when Condition 1 holds. We have
x∗k =

r−µ β
Ik ,
Qk β − 1

k = 1, 2.

(12)

Let x∗ denote the corresponding optimal investment threshold with investment cost I and
output parameter Q. For example, when Condition 1 does not hold, in that Q1 /I1 ≤ Q2 /I2 ,
simultaneous exercising of both growth options is optimal. Under such a setting, x∗ denote
the corresponding optimal investment threshold with I = I1 + I2 and Q = Q1 + Q2 .
Having described the decision making process over the life-cycle of the firm and summarized the all-equity benchmark, we now turn to the paper’s focus where the firm has two
growth option exercising decisions, two default and two leverage decisions.

3

Sequential investment, default and financing

First consider the firm’s decision problem after it has exercised its second growth option

t ≥ T2i . Equityholders have incentives to default after debt is in place as in Black and Cox

(1976). Equityholders choose the default time T2d to maximize
"Z d
#
Etx

T2

e−r(s−t) (1 − τ ) (QX(s) − c) ds ,

t

t ≥ T2i ,

(13)

where Q = Q1 + Q2 and c = c1 + c2 . Under the assumption that equity is junior to debt,
equityholders receive nothing at default. Let E2 (x) denote equity value from the above
optimization problem, and xd2 denote the endogenous (second) default threshold.
Now consider the equityholders’ decision problem after the exercise of the first growth

option t ≥ T1i . Equityholders choose either to default in which case they receive nothing,

or to exercise the second growth option. If choosing to exercise the second growth option at
T2i , they will also choose the amount of the second perpetual debt to issue.
Let V2n (x) denote the sum of equity value and (newly issued) debt value after T2i , in

that V2n (x) = E2 (x) + D2n (x). The net gain for equityholders is thus given by E2 (X(T2i )) −

I2 − D2n (X(T2i )) = V2n (X(T2i )) − I2 . Equityholders choose the first default time T1d , the

second investment time T2i and the coupon c2 on the second perpetual debt to maximize:
"Z d i
#
T1 ∧T2

−r (T2i −t)
x
n
i
−r(s−t)
Et
V2 (X(T2 )) − I2 1T d >T i . (14)
e
(1 − τ ) (Q1 X(s) − c1 ) ds + e
1

t

2

Let E1 (x) denote the value function from the above optimization problem, and xd1 and xi2

denote the endogenous default threshold, and the investment threshold, respectively. As we
11

naturally anticipate, the default decision (the default time T2d and the default threshold xd2 )
solved from the last stage optimization problem (13) enters into the objective function (14)
because V2n (x) depends on the second default threshold xd2 .
Finally, consider equityholders’ first growth option exercising decision and debt financing

decision t ≤ T1i . Since equityholders will issue debt with market value D1 (X(T1i )) when

investing, the net amount needed from equityholders will be I1 − D1 (X(T1i )). Note that
equityholders internalize both tax benefits and the distress cost from debt issuance. They
choose its first investment time T1i and the coupon c1 on the first debt issued at T1i to maximize
h
i
i
(15)
Etx e−r(T1 −t) V1 (X(T1i )) − I1 , t ≤ T1i .

where V1 (X(T1i )) = E1 (X(T1i ) + D1 (X(T1i ). Let E0 (x) denote the equity value from the above
optimization problem, and xi1 denote the endogenous first investment threshold.
Having described the value functions in various stages, we now solve the model via backward induction. First, we solve for the default decision xd2 and value functions such as equity
value E2 (x) and firm value V2 (x) after the second growth option is exercised (t ≥ T2i ).

3.1

After the exercise of the second growth option (t ≥ T2i )

After both growth options are converted into assets in place, the firm generates total cash
flows at the rate of Qx, where Q = Q1 + Q2 . The total coupon rate is c = c1 + c2 . The firm
has only the default decision (characterized by the default threshold xd2 ) to make after both
growth options are exercised. Failure to pay either debtholders immediately triggers default.
Equityholders optimally choose the time to dfault as in Leland (1994). The following valuematching and smooth-pasting conditions describe the equityholders’ optimal default decision
by picking the endogenous default boundary xd2 :
E2 (xd2 ) = 0,

(16)

E2′ (xd2 ) = 0.

(17)

When x ≤ xd2 , equity is worthless (E2 (x) = 0).
Leland (1994) shows that the equity value E2 (x) may be written as follows:

  γ
(1 − τ ) c
(1 − τ ) c
x
E2 (x) = Π(x) −
, x ≥ xd2 ,
− Π(xd2 ) −
r
r
xd2

(18)

where the optimal default threshold xd2 is given by
xd2 =

r−µ γ c
,
Q γ−1r
12

(19)

and γ is the negative root of the fundamental quadratic equation and is given by


 s
2

2
2
1
σ
σ
γ =− 2  µ−
µ−
+
+ 2rσ 2  .
σ
2
2

(20)

Equity value E2 (x) is given by (i) the “un-levered” firm value Π(x), subtracting (ii) the

present value of the tax shields (1 − τ ) c/r, and adding (iii) the value of the default opγ
for a
tion, which is given by the product of (a) the present discounted value x/xd2

unit payoff at the default boundary xd2 and (b) the present value of savings from default,

− Π(xd2 ) − (1 − τ ) c/r . At the chosen default threshold xd2 given in (19), the inequality
Π(xd2 ) < (1 − τ ) c/r reflects the positive value of waiting before default. As in Black and

Cox (1976) and Leland (1994), the standard option value argument implies that the default
threshold xd2 decreases with volatility σ, and the equity value E2 (x) is convex in x.
We now may define various value functions, given the default threshold xd2 and the coupon
rates c1 and c2 . Before the firm defaults, equityholders make the promised payments. When
the firm defaults, debt seniority structure gives the recovery values for the first and the second
debt: D2s (xd2 ) and D2n (xd2 ). Assume that the debt covenants will be strictly enforced without
any violation. Given these values at the endogenous default boundary xd2 , we may write the
market values of the seasoned debt issued at T1i and of the second debt issued at T2i , before
default at T2d , as follows:
D2s (x)

=

D2n (x) =

i  x γ
c1 h c1
s d
−
− D2 (x2 )
,
r
r
xd2
i  x γ
c2 h c2
n d
,
−
− D2 (x2 )
r
r
xd2

x ≥ xd2 ,

(21)

x ≥ xd2 .

(22)

The total debt value is D2 (x) = D2s (x) + D2n (x). The total debt value at default D2 (xd2 )
is equal to the total firm’s liquidation value at default, since equity is worthless at default.
Using the standard argument in option pricing, we note that D2s (x), D2n (x), and D2 (x) are
all concave in x because of default.
Firm value V2 (x) = E2 (x) + D2 (x) is then given by
τc h
τci
V2 (x) = Π(x) +
− αΠ(xd2 ) +
r
r



x
xd2

γ

,

x ≥ xd2 .

(23)

Firm value V2 (x) is given by the “unlevered” (after-tax) firm value Π(x), plus τ c/r, the
perpetuity value of tax shield τ c from both coupon payments c1 and c2 (assuming no default),
minus the expected loss given default (the last term). The expected loss given default is given
γ
by the product of (i) the present discounted value x/xd2 for a unit payoff at the default
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boundary xd2 and (ii) the loss given default αΠ(xd2 ) + τ c/r, which includes both liquidation
cost αΠ(xd2 ) and the perpetuity value of forgone tax shields τ c/r. As in Leland (1994), firm
value V2 (x) is concave in x. Intuitively, after T2i , the firm is long in the “unlevered” asset
values and the tax shield perpetuity τ c/r, and short in a liquidation option.
Recall that V2n (x) is the sum of equity value E2 (x) and debt value D2n (x) issued when
exercising the second growth option: V2n (x) = E2 (x) + D2n (x). Using (18) and (22), we have

  γ
τ c − c1
c1 − τ c
x
n
d
n d
V2 (x) = Π(x) +
+ D2 (x2 ) − Π(x2 ) +
(24)
, x ≥ xd2 .
r
r
xd2
The distinction between V2 (x) and V2n (x) is essential for our analysis. Equityholders no
longer care about the payoffs to the seasoned debtholders after collecting the proceeds from
the debt issuance at T2i . This creates conflicts of interests between equityholders and seasoned
debtholders. Equityholders choose the investment threshold xi2 and the coupon policy c2 to
maximize V2n (x), not V2 (x). The seasoned debt issued at T1i to finance the exercise of the
first growth option generates a debt overhang problem and distorts the exercising decision
for the second growth option. Of course, debtholders anticipate the equityholders’ incentives
and price the debt accordingly. Equityholders eventually bear the cost of this debt overhang.
Unlike most papers in the literature on debt overhang, the amount of pre-existing debt and
hence the severity of debt overhang in our model will be determined endogenously. We
show that the significance of debt overhang is quite different, when debt is endogenously
determined. Moreover, different debt seniority structure affects the debt overhang problem
in different ways as we show later in Section 5.

3.2

After the exercise of the first growth option T1i ≤ t ≤ T2i ∧ T1d



When investing at the threshold xi2 , equityholders need to finance the exercise cost I2 . Imme
diately after investing, the equity value is worth E2 xi2 after paying the part of the exercise

cost I2 − D2n xi2 not financed by debt. The value matching condition at the investment
threshold xi2 is then given by





E1 xi2 = E2 xi2 − I2 − D2n xi2 = V2n xi2 − I2 ,

(25)

where V2n (x) = E2 (x) + D2n (x). When equityholders choose the investment threshold xi2
optimally, the following smooth pasting condition also holds:


E1′ xi2 = V2n′ xi2 .
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(26)

The equityholders make the second investment decision without taking into account the
interests of the seasoned debt. Therefore, V2n (xi2 ), not V2 (xi2 ), enters the right sides of the
boundary conditions (25) and (26).
Now consider the coupon policy c2 on the second debt issuance. The first debt issued at
T1i is already in place when the firm exercises its second growth option at T2i . Equityholders
choose c2 to maximize V2n (x) and then evaluate at the investment threshold xi2 . Because xi2
and c2 are jointly chosen at the same time, the envelope condition ensures us that we do
not need to consider the feedback effects between the endogenous investment threshold xi2
and the second coupon c2 . The value matching condition (25), the smooth pasting condition
(26), and the fact that c2 is chosen to maximize V2n (xi2 ) rather than V2 (xi2 ), all reflect the
debt overhang problem.
Now turn to the (first) default option. Using the same arguments as those for the value
matching and smooth pasting conditions (16) and (17) for equity value E2 (x), equityholders
choose the first default threshold xd1 to satisfy the value-matching condition E1 (xd1 ) = 0 and
the smooth pasting condition E1′ (xd1 ) = 0.
Let Φi (x) denote the present discounted value of receiving a unit payoff at T2i if the firm
invests at T2i , namely, T2i < T1d . Similarly, let Φd (x) denote the present discounted value of
receiving a unit payoff at T1d if the firm defaults at T1d , namely T1d < T2i . The closed-form
expressions for Φi (x) and Φd (x) are given by (A.7) and (A.8) in the appendix, respectively.18
Using these formulae, we may write equity value E1 (x) as follows:
E1 (x) = Π1 (x) −

(1 − τ ) c1
+ ei1 Φi (x) + ed1 Φd (x),
r

xd1 ≤ x ≤ xi2 ,

(27)

where
ei1
ed1



(1 − τ ) c1
i
=
− I2 − Π1 (x2 ) −
> 0,
r


(1 − τ ) c1
d
= − Π1 (x1 ) −
> 0.
r
V2n (xi2 )

(28)
(29)

Equity value E1 (x) is given by the sum of the “un-levered” equity value (with neither
default nor growth options) and two option values: the growth option and the default option.
The un-levered equity value (without growth/default options) for E1 (x) is given by the difference between the un-levered value of the (first) asset in place Π1 (x) converted from the first
growth option and the perpetual value of tax shields from the first debt issuance, (1 − τ ) c1 /r.
18

h
i
h
i
i
d
Formally, Φi (x) = Etx e−r(T2 −t) 1T d >T i , and Φd (x) = Etx e−r(T1 −t) 1T d <T i , where 1T d >T i and 1T d >T i
1

1

2

2

are the indicator functions. If T1d > T2i , we have 1T d >T i = 1. Otherwise, 1T d >T i = 0.
1

2
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1

2

1

2

1

2

The third term in (27) measures the present value of the growth option, which is given by the
product of Φi (x), and the net payoff ei1 from exercising the option. The net payoff ei1 is the

difference between the payoff from option exercise V2n (xi2 ) − I2 and Π1 (xi2 ) − (1 − τ ) c1 /r ,

the forgone un-levered equity value when investing at the threshold xi2 . Note that the forgone

“un-levered” equity value appears as an additional cost term in the net payoff e1 because
the option payoff V2n (xi2 ) − I2 contains cash flows from the first asset in place. Similarly, the
fourth term in (27) is the present value of the default option, which is given by the product
of Φd (x) and the net payoff ed1 upon default. Since equityholders receive nothing at default,

the net payoff ed1 is given by the savings, − Π1 (xd1 ) − (1 − τ ) c1 /r > 0, from avoiding the
loss of running the “un-levered equity value” at the default threshold xd1 .

Given the default threshold xd1 and the investment threshold xi2 , we may write firm value
V1 (x) as follows:
V1 (x) = Π1 (x) +

τ c1
+ v1i Φi (x) + v1d Φd (x),
r

xd1 ≤ x ≤ xi2 ,

(30)

where

τ c1 
v1i = V2 (xi2 ) − I2 − Π1 (xi2 ) +
> 0,
(31)
r
i
h
τ c1
< 0.
(32)
v1d = − αΠ1 (xd1 ) − (1 − α) ωΠ2 (xd1 ) +
r
In addition to (i) the “unlevered” (after-tax) value of the asset in place Π1 (x) from exercising
the first growth option, and (ii) the perpetuity of the tax shield τ c1 /r, firm value V1 (x) also
includes (iii) a long position in the growth option (the third term in (30)) and (iv) a short
position in the liquidation option (the fourth term in (30)). When the firm exercises its
second growth option at T2i , it generates a net gain v1i = V2 (xi2 ) − I2 − (Π1 (xi2 ) + τ c1 /r). Note
that V2 (xi2 ) includes the cash flows generated form the first and the second assets in place.
When equityholders default at T1d , the firm loses its tax shields τ c1 /r, a fraction of unlevered
value of the first asset in place αΠ1 (xd1 ), but gets to recover a fraction ω (1 − α) of Π2 (xd1 )
from unexercised second growth option. Equation (32) gives |v1d |, the loss given default.
Having described the procedure to solve for the second default threshold xd2 , second coupon
c2 , the second investment threshold xi2 and the first default threshold xd1 , we now turn to the
investment and financing decisions for the first growth option.

3.3

Before the exercise of the first growth option (t ≤ T1i )

First, consider the region where the initial value x0 is sufficiently low such that it is optimal
for equityholders to wait. Let xi1 denote the first endogenous investment threshold. For
x0 ≤ xi1 , the firm will wait until T1i = inf{t : X(t) ≥ xi1 } to exercise the first growth option.
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Equityholders internalize tax benefits, distress costs, and agency costs of debt. Thus, by
exercising the first growth option, equityholders collect E1 (x) − (I1 − D1 (x)) = V1 (x) − I1 .
We thus have the following value matching and smooth pasting conditions:
E0 (xi1 ) = V1 (xi1 ) − I1 ,

(33)

E0′ (xi1 ) = V1′ (xi1 ).

(34)

Equity value E0 (x) is then given by
 β


x
i
, x ≤ xi1 ,
−
I
E0 (x) =
x
V
1
1
1
xi1

where the first investment threshold xi1 satisfies the following implicit equation:


1 r−µ β
τ c1  β − γ i γ  d β i
i
i β d
x1 =
(x1 ) (x1 ) v1 − (x2 ) v1 ,
+
I1 −
1 − τ Q1 β − 1
r
β∆

(35)

(36)

and ∆ is a strictly positive constant given in (A.9). Unlike in the standard equity-based
real options models, the payoff from investment in our model is V1 (x), the sum of debt value
D1 (x) and equity value E1 (x), which includes the present values of cash flows from both
operations and financing.
Now turn to the first coupon policy c1 . Equityholders choose c1 to maximize E0 (x) and
then evaluate E0 (x) at x = xi1 . By the value matching condition (33) and the smooth pasting
condition (34) at xi1 , it is equivalent for equityholders to choose c1 to maximize V1 (x) and
evaluate at xi1 . This reflects that equityholders internalize both the tax benefits, distress and
agency costs of debt when choosing c1 . Using the same envelope argument when we jointly
choose c2 and xi2 , we may ignore the feedback between c1 and xi1 . That is, we may choose c1
by plotting V1 (xi1 ) for various levels of c1 .
So far, we have presented the solution methodology for the firm’s optimization problem,
when the initial value x0 is below xi1 , the optimal first investment threshold. Now suppose that
the initial value x0 is above the optimal investment threshold xi1 from the above optimization

problem x0 ≥ xi1 , then the firm shall immediately exercise its first growth option. We thus
have E0 (x0 ) = V1 (x0 ) − I1 . As in earlier discussions, we will continue to use the backward

induction to find optimal default thresholds xd1 and xd2 , the second investment threshold xi2 ,
and the coupon c2 . Equityholders then choose c1 to maximize V1 (x0 ), taking into account
the dependence of the thresholds xd1 , xd2 , xi2 and c2 on c1 . If the initial value x0 is really high,
then the firm will find that simultaneously exercising both growth options is valuable.19
19
This case is effectively one when the firm is a cash flow generating machine and effectively faces no growth
option exercising decisions. The analysis is essentially Leland (1994).
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3.4

Debt seniority structure and coupon policies

For expositional simplicity and concreteness, we assume that the first debt has seniority
over the second debt, unless otherwise noted. Smith and Warner (1979) document that
90.8% of their sampled covenants contain some restrictions on future debt issuance. As in
Black and Cox (1976), at default, the junior debtholders will not get paid at all until the
senior debtholders are completely paid off. At the second default threshold xd2 , the senior
debtholders collect
n
o
D2s (xd2 ) = min F1 , (1 − α) Π(xd2 ) ,

(37)

where F1 is the par value of the first debt and is equal to F1 = D1 (xi1 ). The payoff function
(37) states that either the senior debtholders receive F1 at T2d , or the senior debtholders
collect the total recovery value of the firm (1 − α) Π(xd2 ) at T2d . It is immediate to see that
under this seniority structure, the junior debt value at default time T2d is given by
n
o
D2n (xd2 ) = max (1 − α) Π(xd2 ) − F1 , 0 .

(38)

Let F2 denote the par value of the second debt issued at T2i . The second debt is also issued
at par, and thus we have F2 = D2n (xi2 ). Equityholders receives nothing at default, hence, we
have (1 − α) Π(xd2 ) ≤ F1 + F2 . Even when the senior debtholders receive par F1 at default
time T2d , senior debtholders still prefer that the firm does not default. This is intuitive,
because the par value F1 < c1 /r.
Debt seniority structure matters not only for payoffs at default boundaries xd2 as in Black
and Cox (1976), but also for the real investment and financial leverage decisions. The costs
and benefits of issuing debt depend on the seniority and payoff structures. Moreover, the
equityholders’ interests and incentives also change over time and after each financing and
investment decisions. How equityholders’ incentives change over time naturally depends on
the debt seniority structure.
Before studying sequential interactions among default, investment, and financing decisions, we first analyze a setting where the firm only issues one class of debt to finance the
exercising cost of a single growth option. This one growth option setting provides useful
insights for understanding the setting when the firm has multiple growth options.

4

Investment, default and financing: One growth option

When the firm has only one growth option, we have closed-form formulae for the joint investment, leverage, and default decisions. The explicit formulae allow us to derive sharp
18

predictions and new important insights on interactions between investment and financing
even when the firm has only one growth option, issue debt once, and has only one default
option. In this section, the subscripts k = 1, 2 for the optimal decision rules xik , Tki , xdk , Tkd ,
ck all refer to the one growth option setting with corresponding investment cost Ik and the
cash flow multiple Qk . The next proposition summarizes the main results for one growth
option setting.20
Proposition 2 The firm’s investment decision follows a stopping time rule Tki = inf{t :
X(t) ≥ xik }, where the investment threshold xik is given by
xik =

ψ r−µ β
Ik = ψxae
k ,
1 − τ Qk β − 1

(39)

xae
k is all-equity investment threshold given in (10), and


−1
1
τ
1+
≤ 1,
h 1−τ
h

α i−1/γ
h = 1−γ 1−α+
> 1.
τ

ψ =

(40)
(41)

The corresponding default time Tkd is given by Tkd = inf{t > Tki : X(t) ≤ xdk }, where the
default threshold xdk is given by xdk = xik /h < xik . The optimal coupon ck on the perpetual
debt issued at the investment time Tki is given by
ck =

r
1−τ



γ−1
γ



β
β−1


h+

τ
1−τ

−1

Ik ,

k = 1, 2.

(42)

Equity value before investing at T1i , E0 (x), is given in Appendix A.3.
Let Lk (x) and Pk (x) denote the debt (loan) value and firm (project) value for the setting with
one growth option in order to avoid confusion with debt value Dk (x) and firm value Vk (x)
in settings with more than one growth option. Equations (A.20) and (A.21) give the explicit
formulae for Pk (x) and Lk (x), respectively. Note that the investment threshold xik , the default
threshold xdk , and the optimal coupon policy ck are all proportional to the investment cost Ik .
Intuitively, if we double the investment cost Ik , the firm will double its investment threshold
xik , its default threshold xdk , and the optimal coupon ck accordingly. Therefore, equity value
before investment E0 (xik ), loan value Lk (xik ), and firm (project) value Pk (xik ) all double. This
20

Mauer and Sarkar (2005) derive similar results under one growth option setting. Their focus on the results
and economic interpretations is very different. They contain operating leverage (variable production costs) and
we do not. We derive explicit formulae and provide explicit link between investment and default thresholds,
while they do not.
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leaves leverage at the moment of investment, Lk (xik )/Pk (xik ), independent of the size of the
investment cost Ik .
Next turn to the model’s predictions on the comparative statics of the investment threshold, the credit spread, and the default threshold, with respect to volatility.
Proposition 3 The investment threshold xik given in (39), increases with volatility σ, in that
dxik /dσ > 0. The credit spread csk and the ratio h between the investment and the default
threshold also increase with volatility σ, in that dh/dσ > 0. The default threshold xl may
either increase or decrease in volatility σ.
First, we note that the investment threshold xi increases with volatility σ, similar to the
standard real options intuition as in McDonald and Siegel (1986), which is based on all equity.
Insert Figure 2 here.
Next, turn to the effect of volatility σ on the default threshold xd . Recall that the default
threshold xd in Leland (1994) decreases with volatility. The intuition is as follows. The
default threshold in Leland (1994) is given by xd = x0 /h, where x0 is the exogenously given
initial value and h > 1, given in (41), increases with volatility, The solid line in Figure
2 shows that the default threshold in Leland (1994) decreases with volatility, because the
value of equityholders’ default option increases with volatility and hence the threshold xd
decreases with volatility. Unlike Leland (1994), in our model, the default threshold xdk may
either increase or decrease in volatility σ. The intuition is as follows. Recall that xdk = xik /h,
where both the numerator (the investment threshold xik ) and the denominator h increase
with volatility. For low levels of volatility, xdk decreases with volatility, because the positive
effect of volatility on log h is greater than the positive effect of volatility on log xik . For higher
levels of volatility, xdk increases with volatility, because the positive effect of volatility on
the logarithmic investment threshold log xik is stronger than the positive effect of volatility
on log h. The dashed line in Figure 2 shows the non-monotonic relationship of the default
threshold xd in volatility σ.
Now turn to our model’s predictions on debt pricing. Let csk denote the credit spread:
csk = ck /Lk (xik ) − r. Using the debt pricing formula, we have
csk = r

ξ
,
1−ξ

(43)

where ξ is given in (A.24). It is immediate to see that csk > 0, because h > 1 and γ < 0 imply
0 < ξ < 1. Our model generates the same prediction on the credit spread as Leland (1994)
20

if we condition on the time of debt issuance (time 0 in Leland (1994) and the (endogenous)
investment time Tki in our model). In both models, the credit spread increases with volatility
σ for the standard option argument.
Next, we assess the impact of debt financing on ex ante firm value E0 (x) and the investment decisions. The following proposition summarizes the results on the ordering of
investment thresholds and also characterize the payoff functions at the moment of investment under equity financing or optimal financing. Since there is only one growth option, one
default option and one financing decision, we drop the subscript for notational simplicity.
Proposition 4 The investment threshold xi under optimal financing given in (39) is lower
than xae given in (10), the investment threshold under all equity financing in the presence of
taxes, but is higher than x∗ given in (12), the investment threshold under all equity financing
without taxes. That is, we have xae > xi > x∗ . Moreover, equity payoff values when exercising
the growth option under all three scenarios are equal, in that
Π(xae ) = V (xi ) =

Qx∗
.
r−µ

(44)

First, consider the impact of financing on the investment threshold. Debt provides tax
benefits but induces distress costs. Positive debt issuance implies that tax benefits outweigh
financial distress costs ex ante, as in standard trade-off models. Hence, the firm is more
valuable under debt financing than under all equity financing. Since the payoff is higher
under debt financing, the firm has greater incentives to invest ceteris paribus, which in turn
implies that the investment threshold xi is lower than the threshold xae under all-equity
financing with taxes. Second, we show that the firm’s payoff from investment (even under
debt financing) is lower when the tax rate is positive, compared with the case without taxes.
Therefore, the firm has weaker incentives to invest, relative to the case where the firm faces
no taxes, and thus the investment threshold xi under debt financing is lower than the the
optimal threshold x∗ under all-equity financing without taxes.
Insert Figure 3 here.
Next, turn to the payoff values for equityholders when the firm exercises its growth options. Recall that the investment timing decisions are different under different forms of
financing as discussed earlier. However, the payoffs to equityholders are all equal, if evaluated at respective growth option exercising times T i for both all equity financing (with or
without taxes) and optimal financing. Our intuition relies on the following observation. First,
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the present discounted value of receiving a unit payoff contingent on hitting the investment
β
threshold xi is Φi (x; xi ) = x/xi for x < xi because xd = 0, where x is the current value
of the demand shock. It is immediate to see that Φi (px; pxi ) = Φi (x; xi ) for any constant

p > 0. Therefore, as long as the gross payoff upon exercising the growth option at the
threshold level xi is proportional to xi , say, pxi , the optimal investment threshold is given by
pxi = β/ (β − 1) I as shown in Appendix A.5. This relies on the scale-invariance property of
Φi (x; xi ) for the GBM process (1).
Figure 3 illustrates the predictions of the above proposition. We see that the three
thresholds, x∗1 , xi1 , and xae
1 are ordered sequentially from the left to the right. The payoff
values to equityholders at these investment thresholds are equal, as seen from the (dashed)
horizontal line. It is immediate to see from Figure 3 that Π(x) < V (x) < Qx/ (r − µ). First,
tax benefits of debt imply V (x) > Π(x). However, taxes in net lower firm value, because
forgone revenues are greater than the net tax benefits of debt in excess of financial distress
costs in our model. This gives V (x) < Qx/ (r − µ). Recall that the net payoff function from
exercising the option is V (x)−I, which is concave in x. The concavity of V (x) arises from the
fact that the firm as a whole is short a default option ex ante. Like in standard real option
models, equity value E0 (x) before exercising the growth option is increasing and convex in x.
Next, we analyze the feedback effects between investment and financing when the firm
has two growth options. Importantly, future growth option exercising and current default
decision become intertwined.

5

Model Analysis

Recall that when the firm has two growth options, we need to solve for six decision variables:
two investment, two leverage, and two default decisions. In order to sharpen the intuition
behind the working mechanism of our model, we first consider a simplified problem. Imagine
a new manager is just hired to run the firm. He finds that the firm has existing perpetual
debt with coupon c1 and face value F1 from the investment and leverage decisions made in
the past. Behaving in equityholders’ interests, he has four decisions to make: the default

decisions xd1 , xd2 , the investment threshold xi2 , and the second coupon policy c2 . Without

loss of generality, let the face value F1 be a fraction of the corresponding risk-free debt value
c1 /r, in that F1 = mc1 /r, where the ex ante default risk of the debt implies m < 1.
The newly hired manager takes the first debt as given, and analyzes his optimization
problem in three steps. Section 5.1 solves the special case without pre-existing debt (c1 = 0) in
closed form. This case has no debt induced agency conflicts and gives us a natural benchmark
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to analyze the effect of existing debt on future decisions and value functions. Section 5.2
analyzes the impact of pre-existing debt on firm’s default, growth option exercising, and
leverage decisions, when the amount of existing debt is moderate. Section 5.3 shows that
when the amount of existing debt is sufficiently large, risk shifting incentives as in Jensen
and Meckling (1976) in addition to debt overhang may arise.
Having understood the simplified problem, we now endogenize the firm’s initial investment
and leverage decisions. In Section 5.4, we choose the initial investment and leverage decisions,
when the firm anticipates conflicts of interests after the debt is in place. Finally, we study
the effect of alternative debt seniority structure on investment, financing decisions and value
functions in Section 5.5.
First, consider the special case without pre-existing debt (c1 = 0).

5.1

First asset in place with no debt overhang: c1 = 0

When c1 = 0, the firm has the first asset in place generating a perpetual (stochastic) stream
of positive cash flows Q1 x, and the (second) unexercised growth option. Therefore, the
firm never defaults before exercising the growth option (T1d = ∞). We may derive closed
form solutions for value functions, and the decision rules xd1 , xi2 , xd2 , and c2 . The following
proposition states the main results.
Proposition 5 The firm’s optimal investment decision follows a stopping time rule T2i =
inf{t : X(t) ≥ xi2 }, where the investment threshold xi2 is given by
xi2 =



1 r−µ β
τ Q 1 −1
I2 1 +
.
1 − τ Q2 β − 1
1 − τ Q2 h

(45)

The optimal default time T2d is given by T2d = inf{t > T2i : X(t) ≤ xd2 }, where the default
threshold xd2 is given by xd2 = xi2 /h < xi2 . The optimal coupon c2 on the perpetual debt issued
at the investment time T2i is given by
c2 =

r
1−τ



γ−1
γ



β
β−1


−1
τ
Q2
I2 .
+
h
Q
1−τ

(46)

Equity value E1 (x) and firm value V2 (x) are given in Appendix A.6.
The firm’s investment incentive is greater than the case where the firm has only one
growth option and no asset in place as in Section 4. Intuitively, the existence of the asset in
place (from previous exercising of the first growth option) enhances the firm’s ability to issue
debt. This additional tax benefits (netting out the financial distress cost), supported by the
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(first) asset in place, further encourage the firm to exercise the (second) growth option sooner,
ceteris paribus. To summarize, we have the following two results: (i) the optimal coupon c2
given in (46) is higher than the coupon c2 given in (42) for the case with one growth option,
evaluated at investment cost I2 and the cash flow multiple Q2 ; (ii) the (second) investment
threshold xi2 given in (45) is lower than the corresponding investment threshold xi2 given in
(39), evaluated with investment cost I2 and Q2 . Finally, as in one growth option setting
of Section 4, the ratio between the investment threshold xi2 and the default threshold xd2 is
equal to h given in (41): xi2 /xd2 = h. This is an outcome from the optimal coupon and default
decisions after the firm invests and issues the debt at T2i .
Next turn to the case where c1 is not too high (to be made precise later). We show that
the existing debt induces the classic debt overhang effect (Myers (1977)) and is reflected via
default, investment and leverage decisions.

5.2

Debt overhang: “not too high” first debt coupon c1

By c1 being not too high, we refer to the situation where the following condition is satisfied:
Condition 2 F1 < (1 − α) Π(xd2 ).
Under the above condition, the senior debtholders receive the face value F1 at default time T2d .
While senior debtholders collect the par value F1 at T2d , this does not mean that the senior
debt has no risk after investing at T2i . Senior debtholders prefer a longer coupon collecting
period (a higher value of T2d and a lower value xd2 ), ceteris paribus, because of F1 < c1 /r.
Intuitively, the senior debtholders are subject to the default timing risk. The junior debt is
subject to both the risk from loss given default (compared with its par F2 ) and the timing
at which the firm defaults (T2d turns out to be too early).
Consider the effect of increasing c1 on various decision rules. Start with the effect on the
first default threshold xd1 . In the appendix, we show that
xd1 <

γ r − µ c1
,
γ − 1 Q1 r

(47)

where the right side of the above inequality is the default threshold as in Leland (1994) in the
absence of the second growth option. The intuition is straightforward. Because default loses
future growth options and tax benefits from increasing leverage in the future, equityholders
are less willing to exercise the first default option, compared with the setting without the
second growth option. Note that debtholders still collect a scrap value (1 − α) ωΠ2 (xd1 ))
upon default from the (unexercised) second growth option, however, equityholders do not
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internalize this value after the first debt is issued. That is, E1 (x) does not depend on the
scrap value from the second growth option at default time T1d . The top left panel in Figure
4 shows that for all levels of c1 , the default threshold xd1 is below the corresponding Leland
default threshold, given by the right side of (47). Also, the default threshold xd1 naturally
increases with c1 .
Next turn to the effect of c1 on the (second) investment threshold xi2 . The seniority
structure of the debt weakens equityholders’ investment incentive after the first debt is in
place. This is the standard debt overhang result (Myers (1977)). Equityholders, not existing debtholders, pay the cost of exercising the second growth option by issuing securities.
Given that the new debt is fairly priced, equityholders internalize the tax benefits and the
distress cost from new security issuance. However, the value created from exercising the
(second) growth option first goes to the senior debtholders, then new debtholders and finally
equityholders. This ex post wealth transfer effect discourages equityholders from investing.
Therefore, a larger c1 leads to a higher investment threshold xi2 , ceteris paribus. The top
right panel in Figure 4 shows that the second investment threshold xi2 increases in c1 , up to
a switching point, at which Condition 2 is no longer satisfied. We will return to discuss this
switching point and the discontinuous downward jump of xi2 in Section 5.3.
Now consider the model’s predictions after the second investment is made (t ≥ T2i ). First,
recall that equityholders’ (second) default threshold xd2 as a function of the total coupon
c = c1 + c2 is given by (19), the same as in Leland (1994) and in the one-growth option
setting of Section 4. Taking this dependence of xd2 on the total coupon c into account, the
firm chooses its second coupon c2 (equivalently, total coupon c = c1 + c2 , because c1 is predetermined) to maximize V2n (xi2 ). Using the same insight and analysis as the ones in Section
4, equityholders choose the total coupon c to trade off the tax benefits with distress costs. As
in Leland (1994) and Section 4, the second default threshold xd2 is proportional to the value
of x at which the (second) investment is taken, i.e. the investment threshold xi2 . That gives
xd2 = xi2 /h, where h is a constant given in (41) in Section 4. The middle left panel of Figure
4 shows that indeed the ratio xi2 /xd2 is equal to the constant h, provided that c1 is below the
“switching” point.
More interestingly, there are two opposing effects of a higher c1 on c2 . On one hand, fixing
the level of the default threshold xd2 , a unit increase of c1 crowds out a unit of c2 . On the
other hand, the investment threshold xi2 and the default threshold xd2 both increase with c1
due to the debt overhang argument. Hence, the net impact of c1 increase on c2 is ambiguous.
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Next, consider the impact of increasing c1 on the credit spreads at the second investment time T2i . The credit spread at T2i for the first debt is constant and independent of c1 .
Intuitively, there is no loss given default for the first debt under Condition 2 (The senior
debtholders receive the par value F1 at default time T2d ). Moreover, the ratio between the
second investment threshold and second default threshold, xi2 /xd2 , is constant and equal to h.
Hence, the credit spread at T2i for the first debt reflects only the risk due to the stochastic
default timing, which ex ante is captured by xi2 /xd2 = h. Using the same insight as in the one
growth option setting of Section 4, we know that the credit spread of the first debt at T2i is
independent of the level of c1 . Because the junior debt bears all the residual risk from loss
given default at T2d , a higher coupon c1 induces a higher loss given default for junior debt,
ceteris paribus. Intuitively, a higher c1 increases the risk, but is only reflected in the credit
spread of the junior debt, provided that Condition 2 is satisfied. The bottom left panel of
Figure 4 illustrates the impact on debt overhang on credit spreads for the first and the second
debt at the firm’s second growth option exercising time T2i .
Finally, turn to the total market leverage at T2i . Building on the insights from the one
growth option setting of Section 4 and also from the setting with one growth option/one
asset in place and no debt of Section 5.1, we find that the market leverage at T2i is constant
and independent of c1 , provided that Condition 2 is satisfied. Intuitively, conditioning on
investing at T2i , the existing debt c1 crowds out debt capacity for the second issuance, but
the total market leverage at T2i is equal to the setting with one growth option setting, which
is independent of the coupon level c1 . The bottom right panel of Figure 4 shows that market
leverage at T2i is independent of c1 , for c1 lower than the switching point.
Insert Figure 4 here.
We have assumed that the outstanding debt is not too high. Intuitively, equityholders
react to the debt overhang problem by postponing the second investment (by increasing the
threshold xi2 ), and deferring the default decision (by decreasing the threshold xd1 ). Conditioning on the level of xi2 , the firm’s second default threshold xd2 and the second coupon c2
(implied by the total coupon c) are effectively the same as in the one growth option setting
and Leland (1994) setting, provided that Condition 2 holds. Intuitively, when the existing
debt is not too high, debt overhang is not significant. Hence, the firm may simply defer the
second investment decision. The senior debtholders are only exposed to the timing of default.
They receive the face value F1 upon default at T2d . Once the second investment is made, the
total financial leverage no longer needs to deviate away from the one-growth option or Leland
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setting.
Next, turn to the case where c1 is sufficiently high.

5.3

Debt overhang and risk shifting: High first debt coupon c1

Intuitively, when c1 is sufficiently high, postponing the second investment to the extent
that senior debt does not face any default risk at T2d becomes too costly from equityholders’
perspective. That is, Condition 2 no longer holds. Rather than delaying investment, servicing
the senior debt, and repaying the par F1 on the senior debt at T2d , equityholders may have
incentives to engage in risk shifting. This is in the spirit of asset substitution argument in
Jensen and Meckling (1976). The discontinuous downward jump of the investment threshold
xi2 in the top right panel of Figure 4 reflects (i) the potentially discontinous payoff structure
due to the seniority structure of debt and (ii) this additional effect of risk shifting on the
debt overhang argument discussed earlier. Equityholders trade off the cost of risk shifting
against the excessively delayed investment from the debt overhang problem. Doing so makes
the senior debtholders bear additional default risk. Now the senior debt is not only exposed
to the default timing risk, but also to the risk due to loss given default at T2d . The senior
debtholders collect (1 − α) Π(xd2 ) < F1 and the junior debtholders receive nothing at T2d .
This is precisely when Condition 2 does not hold.
After the downward jump, the investment threshold xi2 continues to increase with the
coupon level c1 for the standard debt overhang argument as in the previous subsection.
Finally, we emphasize that where c1 is sufficiently high, equityholders have both debt overhang
and risk shifting incentives. The investment threshold xi2 is chosen to reflect both the debt
overhang and the risk shifting incentives. Note that the level of the investment threshold xi2
after the discontinuous downward jump is still higher than the second investment threshold
xi2 when c1 = 0. This reflects debt overhang.
It is worth noting that the discontinuity of the investment threshold xi2 as a function of
outstanding debt coupon c1 reflects the nature of the payoff structure for the senior debt
under APR. That is, the senior debtholders either get paid in par, or face a loss given default
at T2d . This discrete payoff reflects the incentives of equityholders and the features of the
decision rules, as we have shown.

5.4

Initial investment and coupon policy

The analysis in previous subsections have shown that the effects of existing debt (predetermined c1 ) on future default, investment and leverage decisions are significant. However,
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the firm anticipates its debt policy on its future decisions, which in turn affects its current
value. We show that the effect of debt overhang is significantly mitigated when the firm
anticipates the distortions of current debt issuance on future decisions. Intuitively, the firm
adjusts its initial investment and leverage decisions to mitigate conflicts of interests between
debtholders and equityholders in the future. Appendix A.7 provides a sketch of the solution
methodology motivated by economic insights behind the model.
One immediate prediction is that the firm with more growth options has a lower leverage,
which is a robust empirical finding in the capital structure literature (Smith and Watts (1992)
and Rajan and Zingales (1995)). The left panel of Figure 5 shows that for all levels of the
exercising cost I2 for the second growth option, the market leverage at the first investment
time T1i is lower than the market leverage at the second investment time T2i . Intuitively,
firms with more growth options save more debt capacity for future growth option exercising
in order to mitigate the potential debt overhang effect on investment and value reduction.
Second, the left panel of Figure 5 shows that the more attractive the second growth option
is, (a lower I2 , or more intuitively, a smaller (I2 /Q2 ) / (I1 /Q1 )), the lower the firm’ market
leverage is at the first investment time T1i . Third, the left panel of Figure 5 confirms that the
market leverage at the second investment time T2i is independent of the investment cost I2 .
This is the scale invariance property that we have seen in Section 4 for the setting with one
growth option.
Insert Figure 5 here.
The right panel of Figure 5 compares the market leverages at T1i and T2i with the respective
stand-alone one growth option settings. To be more precise, the solid line in the right panel
of Figure 5 plots the ratio between (i) the market leverage at T1i in our setting with two
growth options, and (ii) the market leverage when the firm exercises its only growth option
(with exercise cost I1 and Q1 ) in the setting with only one growth option. We show that
the ratio increases with I2 . This confirms our intuition that the presence of future growth
options lowers current leverage. The dashed line in the right panel of Figure 5 plots the ratio
between (i) the market leverage at T2i in our setting with two growth options, and (ii) the
market leverage when the firm exercises its only growth option (with exercise cost I2 and Q2 )
in the setting with only one growth option. Since there is no future growth option, the ratio
is equal to unity. Intuitively, with no future debt overhang, the firm has no further incentives
to deviate leverage decisions. The firm anticipates that its future investment decisions will be
substantially distorted with too much debt issued at T1i . Therefore, the firm issues moderate
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amount of debt in order to take advantage of current tax benefits without generating too
much ex post investment inefficiency. In equilibrium, the firm faces moderate amount of debt
overhang, but no incentives to risk shift. That is, anticipating the debt overhang, the firm
will position itself in the region with moderate amount of c1 as in Section 5.2, and will not
land itself into the region with very high c1 as discussed in Section 5.3.
For all the calculations that we have run, we have always found that Condition 2 holds
in equilibrium, when the firm chooses all six decision rules optimally. When the firm fully
anticipates its future growth options, it uses its initial investment and leverage decisions to
mitigate the debt overhang problem. As a result, the senior debtholders will always collect
par F1 at the (second) default time T2d . Therefore, effectively, when the equityholders invest
at T2i and issue the second perpetual debt with coupon c2 , the senior debt is effectively retired
at the market value ξc∗1 /r, where ξ is given in (A.24) and c∗1 is the optimal coupon on the first
debt under APR. Therefore, the senior debt is effectively called back at ξc∗1 /r when investing
at T2i . Because calling back debt is endogenous, it is worth noting that including call feature
upon investment into debt contract does not necessarily mitigate the debt overhang problem.
Although our model does not allow for callability of debt directly, the model effectively
captures this callability feature of debt.
Because debt seniority structure determines the payoffs for various debtholders at default,
we naturally anticipate that alternative debt seniority structure, such as pari passu, will have
different implications on investment, leverage and default decisions. This is to which we now
turn. We analyze both (i) the case with exogenously specified coupon c1 and also (ii) the
case with optimal initial investment and leverage decisions.

5.5

An alternative debt seniority structure: Pari passu

Now suppose that debt issued at T1i and the one issued at T2i have equal priority in default

at time T2d . Debt payoffs at default x = xd2 are proportional to (1 − α) Π(xd2 ), the total
recovery value of the firm. Since both types of debt are perpetual, the residual values at the
default threshold xd2 are thus given by
D2n (xd2 ) =
D2s (xd2 ) =

c2
(1 − α) Π(xd2 ),
c1 + c2
c1
(1 − α) Π(xd2 ).
c1 + c2

(48)
(49)

Here, we assume that the payments to debtholders are based on the debt values at the second
investment time T2i . This assumption captures the key feature of the pari passu structure,
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and substantially simplify the analysis.21
Equityholders choose c2 (at T2i ) to maximize V2n (x) given in (24), the sum of equity value
E2 (x) and newly issued debt value D2n (x). The following implicit function characterizes the
optimal coupon c2 for a given level of the first coupon c1 :
r
c2 = −c1 +
r−µ



γ−1
γ



1/γ

 −1

1
τ − γ (1 − α + α/τ )
c1
γ
Qxi2 .
1−
h
γ−1
1 − γ (1 − α + α/τ )
c1 + c 2

(50)

Insert Figure 6 here.
Figure 6 graphs the effects of existing debt on future decisions, credit spread and market
leverages. Other than the first default threshold xd1 , Figure 6 shows that decision rules, credit
spreads and leverages are drastically different, depending on whether the firm has APR or
pari passu debt structure. The impact of c1 on the (second) investment threshold xi2 is much
less significant under pari passu than under APR. Intuitively, the pari passu debt structure
makes debt overhang a lesser issue for equityholders. Indeed, Myers (1977) noted that firms
may mitigate the debt overhang problem by issuing secured debt, or debt with equal or more
senior priority over the existing debt. This is exactly what pari passu seniority structure
does relative to APR. However, the less distorted investment threshold decision comes at a
cost of lowering the equityholders’ ability to raise debt for the first growth option exercising.
This suggests that the credit spread22 and market leverage are higher and more sensitive to
c1 under pari passu than under APR. The bottom panels of Figure 6 confirm this intuition.
Insert Table 1 here.
Having illustrated the impact of debt seniority structure on investment, default, and
leverage decisions, we now turn to the impact of seniority structure on equity value. First,
consider the impact on E1 (x) after the first debt is in place. Table 1 shows that for various
parameter regions (different drift µ, volatility parameter σ, distress cost α, and tax rate τ ),
equity value E1 (x) under APR and under pari passu are significantly different. For example,
for the drift parameter µ ranging from 0 to 4%, equity value E1 (x0 ) under APR is about
8% to 10% lower than equity value E1 (x0 ) under pari passu. That is, with pre-existing
debt, equityholders are significantly better off with pari passu. This is intuitive, because
21

Under this assumption, we do not need to carry the face values F1 and F2 for both classes of debt. A
more realistic way to model pari passu seniority structure is to make the payment at default proportional to
the face values F1 and F2 .
22
In our pari passu structure, both the first and second debt have the same credit spread.
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the equityholders are less concerned about debt overhang and hence will have relatively less
distorted investment decisions. To sum up, debt seniority structure plays an important role
in the firm’s real investment, leverage decisions, credit spread on corporate debt, and also
equity value.
Insert Table 2 here.
So far, we have held the initial debt, such as coupon c1 , fixed. We next endogenize the
initial investment and leverage decisions. That is, we analyze the complete optimization
problem under pari passu, which is the counterpart to the complete optimization analysis in
Section 5.4 under APR. Table 2 shows that the equity value E0 (x) before exercising the first
growth option under pari passu is very close to the equity value E0 (x) under APR. This is
rather opposite to the results from Table 1, when the first debt is exogenously specified. For
various ranges of the drift parameter µ, distress cost α, volatility σ, and tax rate τ , these two
value functions are within 2% difference. Intuitively, equityholders use the initial investment
threshold xi1 and the initial coupon policy c1 as the additional adjustment margins and
substantially mitigate the agency cost of debt arising from ex post debt overhang. Therefore,
financial contracting plays relatively a minor role in determining the equity value E0 (x).
when the firm anticipates future growth option exercising and behaves rationally.

6

Conclusions

This paper develops an analytically tractable framework for studying a firm’s joint dynamic
investment, capital structure and default decisions. Since equityholders make repeated investment and financing decisions, conflicts of interests between equityholders and debtholders
naturally arise and evolve over time. We show that the firm waits longer before exercising
its growth option when facing pre-existing debt for the standard debt overhang argument
as in Myers (1977). More interestingly, when outstanding debt is sufficiently high, the firm
may also engage in excessive risk taking (Jensen and Meckling (1976)). Conflicts of interests
are reflected in credit spreads and market leverage. Debt seniority structure potentially play
an important role, when debt is exogenously given. The analysis with exogenously given
debt may be suitable for settings where the firm receives new growth options unexpectedly.
However, when perfectly anticipating its future growth options, the firm may use its initial investment and leverage decisions as adjustment margins to mitigate the debt overhang
problem. Under this situation, debt overhang is much less significant. Naturally, the role of
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debt seniority structure also becomes much less relevant. Our quantitative analysis provides
support for these insights.
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Appendices
A

Proofs

A.1

Proof of Proposition 1

Using the standard present value formulae (e.g. Dixit and Pindyck (1994)), equityholder’s
objective function (8) under all equity financing may be written as follows:
E0 (x) =



x
xae
1

β 

1−τ
r−µ



Q1 xae
1



− I1 +



x
xae
2

β 

1−τ
r−µ



Q2 xae
2



− I2 , x ≤ xae
1 (A.1)

ae
ae
ae
ae
for given xae
1 and x2 ≥ x1 . Equityholders choose x2 and x1 to maximize (A.1). First,
ae
suppose that the constraint xae
2 ≥ x1 does not bind. Then, we obtain the candidate optimal
ae
thresholds xae
1 and x2 , given by (10), and E0 (x) given below:



E0 (x) =

x
xae
1

β

ae
(E1 (xae
1 ) − I1 ) , x ≤ x1 ,

(A.2)

where E1 (x) given by
E1 (x) = Π1 (x) +



x
xae
2

β

ae
(Π2 (xae
2 ) − I2 ) , x ≤ x2 .

(A.3)

Now check if the constraint binds. We conclude that the constraint does not bind if and only
if Condition 1 holds.
ae
ae
ae
When the constraint xae
2 ≥ x1 binds, i.e. Q1 /I1 < Q2 /I2 , we have x2 = x1 . That is,

simultaneous exercising of both options are optimal. We thus have
ae
xae
1 = x2 =

1 r−µ β
I,
1−τ Q β−1

(A.4)

where I = I1 + I2 and Q = Q1 + Q2 . Equity value is then given by
E0 (x) =

 x β
(Π(x) − I) ,
xae

x ≤ xae ,

and E0 (x) = Π(x) − I, if x ≥ xae .

A.2

Derivation for decision rules and value functions in Section 3

We proceed our analysis in several steps as in the main text.
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(A.5)


After the exercise of the second growth option t ≥ T2i .

We conjecture that equity

value E2 (x) solves the following ordinary differential equation (ODE):
rE2 (x) = (1 − τ ) (Q x − c) + µxE2′ (x) +

σ 2 2 ′′
x E2 (x),
2

x ≥ xd2 ,

(A.6)

subject to the endogenous default boundary conditions (16) and (17), and the standard nobubble condition for E2 (x) as x → ∞. Solving this (standard) default problem gives the
equity value E2 (x) given in (18) and default threshold xd2 given in (19).
After the exercise of the first growth option
default threshold

xd1


T1i ≤ t ≤ T2i ∧ T1d .

and the second investment threshold

xi2 ,

Given the first

we may write down equity value

(before exercising the second, but after exercising the first growth option) E1 (x) as in (27),
using the present discounted value of receiving a unit payoff contingent on the second growth
option is exercised in finite time or not, (Φi (x) and Φd (x)), respectively. (Alternatively,
we may also derive E1 (x) by writing down the HJB equation with the corresponding four
boundary conditions. This procedure also yields (27).)
Using the standard results on hitting time distributions for GBM processes (Harrison
(1985)), we have the following explicit formulae for Φi (x) and Φd (x):
i
h
i
i
1 h d γ β
(x1 ) x − (xd1 )β xγ ,
Φi (x) = Etx e−r(T2 −t) 1T d >T i =
1
2
∆
h
i
i
d
1 h i β γ
Φd (x) = Etx e−r(T1 −t) 1T d <T i =
(x2 ) x − (xi2 )γ xβ ,
1
2
∆

(A.7)
(A.8)

and

∆ = (xd1 )γ (xi2 )β − (xd1 )β (xi2 )γ > 0.

(A.9)

It is immediate to see that Φd (xd1 ) = Φi (xi2 ) = 1, Φd (xi2 ) = Φi (xd1 ) = 0, and Φd (x) > 0,
Φi (x) > 0, for xd1 < x < xi2 .
Using the equity value formula (27), we have xE1′ (x) = Π1 (x) + ei1 Φ′i (x)x + ed1 Φ′d (x)x. The
smooth pasting condition E1′ (xi2 ) = V2n′ (xi2 ) implies
 i γ
i γ
h
i
β i βh i d γ
d i γ
i γ
i
d β
d i β
i
n x2
(x
)
e
(x
)
−
e
(x
)
−
(x
)
e
(x
)
−
e
(x
)
,(A.10)
Π2 (x2 ) + γν 2
=
2
1
1
1
2
2
1
1
1
2
∆
∆
xd2

where ν n2 is given by

ν n2 = D2n (xd2 ) − Π(xd2 ) +

c1 − τ c
.
r

(A.11)

Similarly, the smooth pasting condition E1′ (xd1 ) = 0 gives
h
i γ
h
i
β
0 = Π1 (xd1 ) + (xd1 )β ei1 (xd1 )γ − ed1 (xi2 )γ − (xd1 )γ ei1 (xd1 )β − ed1 (xi2 )β . (A.12)
∆
∆
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For given xd1 and xi2 , debt value D1 (x) is then given by
D1 (x) =

h
c1  s i
c1 
c1 i
+ D2 (x2 ) −
Φi (x) + (1 − α) Π1 (xd1 ) −
Φd (x).
r
r
r


Before the exercise of the first growth option t ≤ T1i .

(A.13)

We conjecture that the equity

value E0 (x) solves the following ODE:

rE0 (x) = µxE0′ (x) +

σ 2 2 ′′
x E0 (x),
2

x ≤ xi1 .

(A.14)

The above ODE is solved subject to the endogenous default boundary conditions (33) and
(34) given in the main text, and also the standard absorbing barrier for E0 (x) at the origin,
in that as E0 (x) → 0, when x → 0.
Substituting the conjectured equity value (35) into the ODE (A.14) and applying the
endogenous default boundary conditions (33) and (34) give the following implicit equation
for the first investment threshold xi1 :


β
τ c1 Φ′i (xi1 )xi1 − βΦi (xi1 ) i Φ′d (xi1 )xi1 − βΦd (xi1 ) d
i
Π1 (x1 ) =
+
v1 +
v1 . (A.15)
I1 −
β−1
r
β
β
Simplifying the above gives (36).

A.3

Proof of Proposition 2

γ
With one growth option, we have xi2 = ∞. Therefore, Φi (x) = 0 and Φd (x) = x/xd1 , for

x ≥ xd1 . Equation (36) thus implies
xi1

 γ 

τ c1  xi1
τ c1  β − γ 
1 r−µ β
d
+
αΠ1 (x1 ) +
I1 −
.
=
1 − τ Q1 β − 1
r
β
r
xd1

(A.16)

The optimal coupon policy c is given by
c1 =

r γ−11
Q1 xi1 .
r−µ γ h

(A.17)

Re-arranging and simplifying (A.16) gives the following implicit equation for the investment
threshold:




γ
c1
τ c1
α (1 − τ )
+ τ hγ ,
+ (β − γ)
(β − 1) Π1 (x ) = βI1 − β
r
r
γ−1


τ c1
τ c1 h−γ
= βI1 − β
+ (β − γ)
hγ
r
r
1−γ
1 Q1 xi1
,
= βI1 − (β − 1) τ
hr−µ
i
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(A.18)

where the first, second, and third line uses the explicit formulae for xd given in (19), h given
in (41), and coupon c given in (A.17), respectively. Finally, re-arranging the last expression
gives xi1 in (39). Substituting (39) into (A.17) gives the coupon policy (42) and the default
threshold xd1 = xi1 /h. The same naturally analysis applies when the firm has investment cost
I2 and the cash flow multiple Q2 .
If the initial value x0 is below the investment threshold xik given in (39), the firm will
wait to invest. Equity value before investment E0 (x) is given by
 β

x
E0 (x) =
Pk (xik ) − Ik , x ≤ xik ,
i
xk

(A.19)

where project value Pk (x) after investment and before default (Tki ≤ t ≤ Tkd ) is given by
 
τ ck 
τ ck  x γ
d
Pk (x) = Πk (x) +
− αΠk (xk ) +
(A.20)
, x ≥ xdk .
r
r
xdk
When x ≤ xdk , project is worthless, in that Pk (x) = 0. The loan value Lk (x) issued to finance
the project is then given by
Lk (x) =

i  x γ
ck h ck
d
,
−
− (1 − α) Πk (xk )
r
r
xdk

x ≥ xdk .

(A.21)

The difference Pk (x) − Lk (x) is the residual equity value.

A.4

Proof of Proposition 3

Recall that Φd (x) denote the present discounted value of receiving a unit payoff contingent
on the event that the process X hits xd , the default threshold for the firm after investing at
the threshold xi at time T i (Note that the upper boundary in this case for the calculation
γ
Φd (x) is ∞). (A.8) implies Φd (x) = x/xd for x ≥ xd . Hence,
h

α i−1
.
Φd (xi ) = hγ = 1 − γ 1 − α +
τ

(A.22)

It is immediate to see that Φd (xi ) increases with volatility σ, increases with tax rate τ , and decreases with financial distress cost α. Now consider the credit spread at issuance/investment
time T i :
cs =

c
ξ
−r =r
,
L(xi )
1−ξ

where L(x) is loan value given in (A.21) and

ξ =
1 − (1 − α) (1 − τ )
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γ
γ−1

(A.23)



hγ .

(A.24)

Note 0 < ξ < 1, because h > 1, γ < 0, 0 ≤ α < 1, and 0 ≤ τ < 1. We also note that
dξ/dσ 2 > 0 because dγ/dσ 2 > 0 and dΦd (xi )/dσ 2 > 0. Therefore, credit spread increases
with volatility σ.
Note that h = (1 − γB)−1/γ satisfies 1 < h < eB , where B = 1 + α (1 − τ ) /τ > 1. Using
the chain rule, we have
dh
dσ 2

=

dh dγ
d log h dγ
=h
,
2
dγ dσ
dγ dσ 2

(A.25)

where
d log h
1
= 2
dγ
γ


log (1 − γB) +

γB
1 − γB



=

1
G(γ),
γ2

(A.26)

and
G(γ) = log (1 − γB) +

1
− 1,
1 − γB

for γ < 0.

(A.27)

It is immediate to see that G(0) = 0 and G′ (γ) < 0, over the region γ < 0. Therefore, we
have d log h/dγ > 0. Note that dγ/dσ 2 > 0. Therefore, using (A.25), we have dh/dσ 2 > 0.
The sign of dψ/dσ 2 is the same as the sign of dh/dσ 2 . We thus have dψ/dσ 2 > 0.
Since xi = ψxae , and both ψ and xae given in (10) increase with volatility, we thus have
dxi /dσ 2 > 0.

A.5

Proof of Proposition 4

First, we show that as long as the (gross) payoff to equityholders when exercising the growth
option at the threshold xi is proportional to xi , then the payoff values when investing are
identical and independent of financing arrangements. Suppose that the gross payoff when
investing is given by px, where p > 0 is a constant.
Because the equity value E0 (x) (for x ≤ xi ) is given by product of (i) the present disβ
counted value of a unit payoff at the investment threshold xi , x/xi < 1, and (ii) the net

payoff at the investment threshold, pxi − I. Therefore, equityholders choose xi to maximize
β

x/xi
pxi − I . Solving gives
pxi =

Therefore, equity value is given by x/xi

β

β
I.
β−1

(A.28)

I/ (β − 1).

Now, we show that for both equity financing and optimal financing, we have linear payoff
value. Under all equity financing with taxes, the gross payoff value when investing is given
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by Π(xae ) = (1 − τ ) Qxae / (r − µ). Under all equity financing without taxes, the gross payoff
value when investing is given by Π(x∗ ) = Qx∗ / (r − µ). Finally, under optimal financing, we
have


V (x ) = Π(x ) + τ − α (1 − τ )
i

i

γ
+τ
γ−1



γ

h



γ−1 1 1
Π(xi ) = Π(xi )/ψ, (A.29)
γ 1−τ h

using expressions for h given in (41), ψ given in (40), xd given in (19), and c given in (A.17).
Note that Π(xi ) is linear in xi .

A.6

Proof of Proposition 5

Using the standard pricing argument, we have that equity value before exercising the (second)
growth option, E1 (x), is given by
E1 (x) = Π1 (x) +

V2 (xi2 )

− I2





x
xi2

β

, x ≤ xi2 ,

(A.30)

where firm value V2 (x) after investment and before default (T2i ≤ t ≤ T2d ) is given by
 
τ c2 h
τ c2 i x γ
d
, x ≥ xd2 .
(A.31)
V2 (x) = Π(x) +
− αΠ(x2 ) +
r
r
xd2
The optimal coupon policy c2 that maximizes V2 (xi2 ) is given by
c2 =

r γ−11
Qxi ,
r−µ γ h 2

and xd2 = xi2 /h. Using the smooth pasting condition E1′ (xi2 )xi2 = V2′ (xi2 )xi2 , we have

 γ 
1 r−µ β
τ c2  β − γ 
τ c2  xi2
i
d
.
x2 =
I2 −
+
αΠ(x2 ) +
1 − τ Q2 β − 1
r
β
r
xd2
Re-arranging and simplifying (A.33) gives the following implicit equation for xi2 :




τ c2
c2
γ
i
(β − 1) Π2 (x2 ) = βI2 − β
+ (β − γ)
α (1 − τ )
+ τ hγ ,
r
r
γ−1
Qxd2 γ
.
= βI2 − (β − 1) τ
r−µγ−1

(A.32)

(A.33)

(A.34)

Using xd2 = xi2 /h and re-arranging the last equation gives (45).

A.7

Numerical solution methodology

We solve for the six decision rules: two investment thresholds (xi1 , xi2 ), two default thresholds
(xd1 , xd2 ), and two coupons (c1 , c2 ) using the following procedure:
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1. Fixing c1 , we solve for the first default threshold xd1 , the second investment threshold xi2 ,
the second coupon policy c2 , and the second default threshold xd2 , using the following
iterative procedure in order to ensure numerical accuracy.
• Start with the case where c1 = 0. We have closed form solutions for xi2 , xd2 , and
c2 (See Section 5.1).
• Consider small c1 = ǫ > 0. Use the optimal decision rules for (xd1 , xi2 , xd2 , c2 ) from
the previous step (c1 = 0) as initial guess values to solve for (xd1 , xi2 , xd2 , c2 ), for the
case with c1 = ǫ > 0.
• Consider the setting with c1 = 2ǫ. Use the optimal decision rules (xd1 , xi2 , xd2 , c2 )
for the case with c1 = ǫ as initial guesses to solve for the decision rules.
• Consider the setting with c1 = 3ǫ. The process continues.
2. Use the implicit equation (36) (implied by maximizing E0 (x) given in (35)) to solve for
the first investment trigger xi1 for given c1 and the corresponding decision rules from
the previous step.
3. Plot the implied equity value E0 (x; c1 ) with respect to c1 , and choose the level of c1
which gives the highest value E0 (x; c1 ).
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Observe current x

x  x1i
Wait to invest

x t x1i
Exercise the 1st
growth option

Issue the 1st debt
with coupon c1

x d x1d
Default

x1d  x  x 2i

x t x 2i

Collect Q1 x

Exercise the 2nd
growth option

Issue the 2nd debt
with coupon c2

x d x 2d
Default

x ! x 2d
Collect (Q1+Q2) x

Figure 1: The firm’s decision making process over its life cycle. The firm starts with
two sequentially ordered growth options. It exercises its first growth option when x ≥ xi1 and
waits otherwise. When exercising, the firm issues a mixture of equity and the first perpetual
debt with coupon c1 to finance the exercising cost I1 , and generates EBIT Q1 x, provided that
xd1 < x < xi2 . When x ≤ xd1 , the firm defaults. When x ≥ xi2 , the firm exercises its second
growth option, and issues a mixture of equity and the second perpetual debt with coupon c2
to finance the exercising cost I2 . After both options are exercised, the firm generates EBIT
(Q1 + Q2 ) x, provided that x ≥ xd2 . It defaults when x ≤ xd2 . The six decision rules include
two investment thresholds xi1 , xi2 , two default thresholds xd1 , xd2 , and two coupon policies
(c1 , c2 ).
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Figure 2: Comparative statics of the default trigger xd with respect to volatility σ:
Leland (1994) (with one asset in place) versus our model (with one growth option
as in Section 4). The dashed line shows that the default threshold xd for the “asset in
place” decreases in volatility σ for the standard (put) option argument (Leland (1994)). The
solid line shows that the default threshold xd for the “growth option” may either increase or
decrease in volatility σ in our setting, unlike Leland (1994). The (exogenously) given initial
value x0 for Leland (1994) is chosen to equal to the optimal investment threshold xi for the
one growth option setting, when σ = 20%. Parameter values are α = 35%, r = 6%, τ = 20%,
µ = 0, I = 1, and Q = 1.
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Figure 3: Equity values E0 (x) and the investment thresholds under all equity
financing (with τ > 0), (optimal) debt financing (with τ > 0), and all equity
financing (with τ = 0). The respective investment thresholds are ordered sequentially:
xae > xi > x∗ . The payoff at (different) exercising thresholds are equal under the three
settings, in that Π(xae ) = V (xi ) = Qx∗ /(r − µ), as seen from the horizontal dashed line.
Equity value E0 (x) under all equity financing (with τ = 0) is highest (labeled ‘AENT’);
Equity value E0 (x) under all equity financing (with τ > 0) is the lowest (labeled ‘AE’); Equity
value E0 (x) under (optimal) debt financing (labeled ‘DF’), lies between the two equity values
under equity financing (with τ = 0 and with τ > 0). The concave curve V1 (x) − I is the
payoff under debt financing from exercising, where V1 (x) is the firm value after investing.
Parameter values: α = 35%, r = 6%, τ = 20%, µ = 0, σ = 20%, I = 1, and Q = 1.
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Figure 4: Comparative statics of various decision rules with respect to c1 when the
first debt is exogenously given, under APR. This figure plots the first default threshold
xd1 , the second investment threshold xi2 , the ratio between the second investment and default
thresholds xi2 /xd2 , the second coupon c2 , the credit spreads for the first and the second debt
at T2i , and the total market leverage at T2i as functions of the exogenously given coupon
c1 . Parameter values: α = 35%, r = 6%, τ = 20%, µ = 0, σ = 20%, ω = 0, I2 = 1.5, and
Q2 = Q1 = 1. The credit spread for the first debt when originally issued is c1 /F1 −r = 0.77%.
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When increasing c1 , the face value F1 also increases linearly, keeping the initial credit spread
to be at 0.77%.

1.05
at 2nd investment time at Ti

0.58

2

1

0.56

Scaled Leverage

Leverage at Investment Time

0.6

0.54
0.52
st

at 1 investment time at

0.5

Ti1

0.95

0.9

0.85
0.48
0.46

2

4

6
I2

8

10

0.8

2

4

6
I2

8

10

Figure 5: Total market leverages at T1i and T2i as functions of the investment
cost I2 under full optimization, where investment thresholds (xi1 , xi2 ) , default
thresholds (xd1 , xd2 ), and coupon decisions (c1 , c2 ) are all endogenously chosen. The
solid and dashed lines in the left panel correspond to the total market leverage at T1i and
T2i , respectively. This figure shows that the market leverage at T1i is lower than the market
leverage at T2i . Moreover, the market leverage at T1i is higher when the growth option is
less attractive (higher I2 ), consistent with our intuition on debt overhang. The solid line in
the right panel gives the ratio of the total market leverage at T1i (in the two growth option
setting), scaled by the corresponding stand-alone one-growth option with I1 and Q1 (as in
Section 4). The dashed line in the right panel gives the ratio of the total market leverage at
T2i , scaled by the corresponding stand-alone one-growth option with I2 and Q2 (as in Section
4). The horizontal dashed line (at unity) in the right panel indicates that there is no debt
overhang in the second stage. Parameter values: α = 35%, r = 6%, τ = 20%, µ = 0,
σ = 20%, ω = 0, I1 = 1, I2 = 1.5, Q2 = Q1 = 1.
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Figure 6: Comparative statics of various decision rules with respect to c1 when
the first debt is exogenously given: Comparisons between APR and pari passu.
Unlike Figure 4, the horizontal axis is c1 /c∗1 , where c∗1 is the optimal coupon level from the
full optimization framework under APR (See Section 5.4). Scaling c1 by c∗1 gives us a notion
about how much the potential debt overhang/risk shifting distortions are. The dashed lines
depict the results under pari passu. We see significant differences between APR and pari
passu. Parameter values: α = 35%, r = 6%, τ49= 20%, µ = 0, σ = 20%, ω = 0, I2 = 1.5, and
Q2 = Q1 = 1. The credit spread for the first debt when originally issued is c1 /F1 −r = 0.77%.
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0%

1%

2%

3%

4%

-10.11%

-9.88%

-9.71%

-9.07%

-8.02%

15%

23%

30%

38%

45%

-10.80%

-10.00%

-8.78%

-7.98%

-7.24%

10%

20%

30%

40%

50%

-27.85%

-18.16%

-12.19%

-8.44%

-5.97%

15%

23%

30%

38%

45%

-7.07%

-11.86%

-15.49%

-18.10%

-19.54%

Table 1: The effects of debt seniority structure on equity value E1 (x) with exogenously given debt. This table reports E1apr (x0 )/E1pp (x0 ) − 1, the equity value ratio (minus
unity) under APR and under pari passu. We choose c1 = 2c∗1 , where
c∗1 is the optimal coupon

under APR, and x0 = min{xi2,apr , xi2,pp } + max{xd1,apr , xd1,pp } /2. The choice of this initial
value x0 ensures that the firm has not exercised the first default option nor the second growth
option, under APR and pari passu. We show that E1apr (x0 )/E1pp (x0 ) − 1 is significantly different from zero for various levels of µ, σ, α, and τ . This table shows that debt seniority
structure matters in terms of equity value when the firm does not have its initial investment
and leverage decisions to mitigate anticipated debt overhang. Benchmark parameter values:
α = 35%, r = 6%, τ = 20%, µ = 0, σ = 20%, ω = 0, I1 = 1, I2 = 1.5, and Q2 = Q1 = 1. For
example, for the first comparative statics with respect to µ, we are using all the benchmark
parameter values other than µ = 0.
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µ
E0apr (x)
E0pp (x)

−1

σ
E0apr (x)
E0pp (x)

−1

α
E0apr (x)
E0pp (x)

−1

τ
E0apr (x)
E0pp (x)

−1

0%

1%

2%

3%

4%

1.13%

0.98%

0.88%

0.79%

0.70%

15%

23%

30%

38%

45%

1.19%

1.05%

0.80%

0.57%

0.40%

10%

20%

30%

40%

50%

2.57%

1.76%

1.29%

0.99%

0.75%

15%

23%

30%

38%

45%

0.78%

1.29%

1.74%

2.01%

1.97%

Table 2: The effects of debt seniority structure on equity value E0 (x) with endogenously chosen debt. This table reports E0apr (x)/E0pp (x) − 1, the equity value ratio (minus
unity) under APR and under pari passu. The initial value is chosen such that the firm is
willing to wait under both APR and pari passu, in that x ≤ min{xi1,apr , xi1,pp }. This table
shows that E0apr (x)/E0pp (x) − 1 is less than 2% for essentially all levels of µ, σ, α, and τ . This
table shows that debt seniority structure matters little in terms of E0 (x) when the firm may
adjust its initial investment and leverage decisions to mitigate anticipated debt overhang.
Benchmark parameter values: α = 35%, r = 6%, τ = 20%, µ = 0, σ = 20%, ω = 0, I1 = 1,
I2 = 1.5, and Q2 = Q1 = 1. For example, for the first comparative statics with respect to µ,
we are using all the benchmark parameter values other than µ = 0.
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