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1.  INTRODUCTION 

In this updated study1 we reexamine the past history of stable value (SV) funds and their per-
formance to date.  A growing volume of industry and practitioner research has provided a 
detailed look at how the funds are managed and the stable values secured.2  Additionally, 
academic articles increasingly are including SV funds within the purview of their studies,3 
although it is difficult to find in-depth scholarly treatments of SV funds performance.  The 
lack of rigorous performance studies is rather surprising because SV funds occupy such a 
prominent place among retirement investment vehicles, with over $800 billion of assets un-
der management.4  They are offered as an investment option in almost half of all defined con-
tribution (DC) plans, including 457, 403(b) and 401(k) plans, and by February 2009 reached 
36.7 percent of their assets.5  They are also available to participants in some Section 529 Tui-
tion Assistance Plans.   

                                                 
* David F. Babbel is Professor of The Wharton School, University of Pennsylvania, and Senior Advisor to 
Charles River Associates.  Babbel@Wharton.Upenn.edu 
** Miguel Herce, Ph.D., is a Principal of Charles River Associates in Boston.  MHerce@Crai.com 

The authors express their gratitude to the Stable Value Investment Association (SVIA) for gathering the stable 
value return data used in this study, and to the Hueler Companies for providing us with their index of returns on 
stable value commingled funds.  We also are grateful to the U.S. Department of Labor and the Office of Man-
agement and Budget for their valuable suggestions on earlier versions of this paper.  We appreciate the support 
from The Wharton Financial Institution Center and Charles River Associates.  Helpful discussions were held 
with several industry specialists from the fund and wrapper sides, including Robert Whiteford of Bank of Amer-
ica/Merrill Lynch, Stephen LeLaurin of Invesco, Marc Magnoli of J.P. Morgan, and Steve Kolocotronis of Fi-
delity and Gina Mitchell of SVIA.  Of course, the authors are fully responsible for their opinions and any re-
maining errors in this study. 
1 Our previous studies (Babbel and Herce, 2007, 2009) did not include the most recent data, and did not include 
some improved estimation techniques and sensitivity analysis that are used in this updated study. 
2 See, for example, Stable Times, a quarterly publication of the Stable Value Investment Association, MetLife 
Stable Value Study (2010), Paradis (2001), and Fabozzi (1998). 
3 See, for example, Elton, Gruber and Blake (2007), Redding (2009), and Tang et al (2009). 
4 Stable Value Investment Association (SVIA) members had $561 billion under management as of December 
31 2009, which covered 173,050 plans.  The SVIA estimates that over $250 billion in additional funds are man-
aged by nonmembers. 
5 Allocations are more typically 15-25 percent, but due to stock market declines, the percentage of assets in SV 
funds was unusually high.  Current statistics are available at www.stablevalue.org 
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In this updated study, we provide a rigorous analysis of the performance of SV funds, enlist-
ing an extended data set that goes from 1973 through January 1, 2010.  We compare their 
performance to that of basic asset classes such as U.S. large and small stocks, long-term gov-
ernment and corporate bonds, intermediate-term government and corporate bonds, and 
money market funds, using three methods: mean-variance analysis, stochastic dominance 
analysis, and an enhanced multiperiod utility analysis.  Our study shows that since the incep-
tion of stable funds in late 1988, and their precursors in 1973, none of these other asset 
classes have dominated them; on the contrary, SV funds have dominated money market and 
intermediate-term government/credit bond funds (and nearly dominated long-term corporate 
bonds as well) over a wide range of risk aversion levels and, when combined with small 
stocks and long-term government bonds, they occupy a prominent and often dominant part in 
optimal portfolios.   

Before concluding our study we explain the value proposition for SV funds – how they have 
been able to generate notable returns for their investors – and whether the ingredients to their 
past performance can be expected to continue into the future.  We consider the recent finan-
cial crisis and revisit how the funds have weathered the crisis. 

2.  BACKGROUND 

Stable value funds are labeled in various ways, including Capital Accumulation, Principal 
Protection, Guaranteed, Preservation, Income funds, as well as Guaranteed Investment Con-
tracts (GICs), among others.  Early forms of SV funds have been around since the 1970s, co-
inciding with the development of U.S. defined contribution (DC) plans.  From their outset, 
these funds consisted largely of laddered maturity GICs6 issued by insurance companies.  
The returns, which were guaranteed regardless of the performance of the underlying assets, 
were fully backed by the GIC issuer’s general account, but some plan sponsors sought an al-
ternative structure that would provide them with greater flexibility and control, as the assets 
backing the GIC contracts were owned and managed by the insurer and the underlying in-
vestment strategy was that of the insurer’s general account.  

Such concerns were addressed, in part, with the creation in late 1988 of separate account 
GICs, where the assets underlying the contracts, although still owned by the insurance com-
pany, were held in separate accounts for the exclusive benefit of the plan(s) participating in 
the separate account and could not be used to discharge claims against the general account of 
the insurer.  In this structure, the guaranties against any investment shortfalls stemming from 
poor performance of the separate account assets were secured by assets in the general ac-
count and surplus.  This innovation provided additional flexibility to fund managers, who 
could pursue a customized investment strategy rather than a general account investment strat-
egy. 

Then, in mid-1994, the SV funds market broadened when synthetic GICs (also called Trust 
GICs) were created in an effort to allow plans to retain legal title to plan assets, and to pro-

                                                 
6 Traditional GICs are issued by an insurance company that guarantees the principal invested and pays a peri-
odically-reset interest rate for a certain period of time. 
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vide additional flexibility in terms of investment strategy and asset selection.  This structure 
enabled non-insurers to manage the plan assets, which are directly owned by the participating 
plan(s), while the financial protections were secured by banks, insurers, and other financial 
institutions.  Today synthetic GICs occupy a prominent position in stable value, and coexist 
with traditional and separate account GICs.7  Each structure of stable value carries features 
that are preferable to different plan sponsors.  Some prefer the yields that may be available 
through general account GIC-based plans; others prefer the investment flexibility of separate 
account GICs, while still others seek the advantages of synthetic GIC-based funds. 

A stable value fund offers principal protection and liquidity to individual investors, and 
steady returns that are competitive with intermediate-term bond yields.  However, over ensu-
ing one-to-three-month intervals, the guaranteed rate of return moves more slowly than in-
termediate-term bond yields.  This is achieved by having a process and investment contract, 
discussed in the following section, which allows the provider to smooth market volatility 
through annuitizing gains and losses over the duration of the portfolio.  This smoothing is 
effected through the rate reset mechanism and insulates against day-to-day volatility.  As a 
consequence of these features and the underlying intermediate-term bond investments, SV 
funds provide investors with returns of very low volatility.  This combination of bond-yield-
like returns and low volatility generates contract or book value accounting of the investment.8 

The underlying investment portfolios of all three forms of stable value funds are typically 
comprised of high quality, short maturity (usually well under five years) corporate and gov-
ernment bonds, mortgage-backed securities, and asset-backed securities.  In the case of syn-
thetics, the portfolio is protected against interest rate risk through an investment contract or 
“wrap” obtained from a high quality bank, insurer or other financial institution.  This means 
that in all but a few prespecified circumstances, investors in an SV fund are able to transact 
(make deposits, withdrawals, transfers) at book or contract value, which is deposits plus ac-
crued interest, less any past withdrawals. 

Stable value funds do not require a set holding period but provide full access to the par-
ticipant’s principal and accumulated interest without a penalty.  However, they are subject to 
the general restrictions within the overall plan.  For example, many plans restrict participants 
from the direct transfer to a competing short-duration bond or money market fund by requir-
ing that money transferred out of SV be first invested in a non-competing (e.g., stock or long-
term bond) fund for a short period such as 30-90 days to eliminate arbitrage.  This rule, to-
gether with the fact that plan participants do not act in concert regarding the allocation of 
their funds, allow the investment contract protections (“wrappers”) to be purchased for a 
fraction of what it would cost if interest arbitrageurs dominated the pool and were revising 
their allocations aggressively. 

                                                 
7 See 2010 MetLife Stable Value Study, pp. 38-9. 
8 See SVIA (2005). 
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3.  CREDITING RATE FORMULA 

From an investor’s viewpoint, SV funds operate like a passbook savings account.  They ac-
crue interest at a prespecified crediting rate that is generally updated every one to three 
months to incorporate changing market conditions.  Their principal is secure and grows over 
time by the amounts of interest credited to their account.  Crediting rates on SV funds change 
more slowly than bond yields and are computed according to a formula which basically pro-
duces an internal rate of return for the investment by requiring that the contract (or book) 
value of the portfolio converge to its market value by the end of the assumed duration.  We 
define the variables in the formula as follows: 

 CR: crediting rate applied to the accounts of investors in the SV funds 
 MV: market value of the underlying portfolio 
 CV: contract value of the underlying portfolio 
 D: duration of the underlying portfolio or duration of a benchmark portfolio 
 Y: yield of the underlying portfolio, as described further below. 

Given these variables, the future market value (FMV) of the portfolio is given by 

   ,DYMVFMV  1  (1) 

and the crediting rate that guarantees this value, given the current contract value, is the solu-
tion to 

   .1 DCRCVFMV   (2) 

Therefore, the crediting rate formula is given by equating the right-hand-side of expressions 
(1) and (2), and solving for CR, 

   .1 1

1









D

CV

MV
YCR  (3) 

Although other variations of the crediting rate formula are also used, expression (3) is the one 
most generally used.9  In addition to small differences in the crediting rate formulae, manag-
ers do not always calculate the inputs to the formulae in the same way.  For example, with 
respect to the measure of duration D, some fund managers use the duration of a benchmark 
portfolio, while others use the duration of the underlying securities.  The yield measure Y is 
most often a duration market-weighted bond equivalent yield, although some variations have 
occurred. 

Illustration 1 details how the crediting rate is designed to make the contract value of the port-
folio converge to its market value over the duration of the portfolio, assuming market condi-
tions do not change in the interim.  The case illustrated is where the contract value exceeds 
the market value, but the same procedure is used in the opposite case. 

                                                 
9 See, SVIA (2005, p. 4). 
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As indicated below, the crediting rate effectively smoothes returns by distributing gains and 
losses over a period of time related to the duration of the portfolio.  The crediting rate for-
mula below implies that the crediting rate is between the portfolio’s return and its yield, Y, 
and closer to the portfolio’s yield the longer the duration, D, is.  The important thing to re-
member is that individual investors receive the same rate of return as the stated crediting rate, 
since principal is protected. 

 

 

 

4.  PERFORMANCE MEASUREMENT 

In this study we will measure the performance of SV funds vis-à-vis money market in-
vestments, intermediate-term government/credit bonds, long-term government bonds, corpo-
rate bonds, and small and large stocks using three methods of analysis: mean-variance analy-
sis, stochastic dominance analysis, and enhanced multiperiod utility analysis.  Each method 
has its advantages and drawbacks, but together we get a fairly clear picture of how well SV 
funds have performed.  We conduct our analyses over the 21-year period beginning in 1989 
when synthetics became in important component in the stable value market and, as a robust-
ness test, over the extended 37-year period starting in 1973 that was dominated by general 
account and separate account GICs. 

Illustration 1:  Setting Synthetic GIC Crediting Rates  

Step 1 
Calculate estimated future market value by 
compounding the current market value at the 
portfolio’s current yield to maturity for a 
period equal to the portfolio’s duration. 
 

Source: SVIA 

Step 2 
Determine new crediting rate as the discount 
rate that equates the estimated future market 
value with the current contract value. 

CV = $100 

FMV = $111.36 

MV = $99 

Duration (D) = 3 years MV/CV = 99% 

Future 
Market 
Value 

Contract value reflects net 
deposits plus accrued interest

Market value reflects underlying 
portfolio’s actual market return 

Step 2                              
Crediting rate (CR) = 3.65% 

Step 1                                               
Portfolio yield to maturity (Y) = 4.0% 
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We begin with a mean-variance analysis, more because of its simplicity and ubiquitous use in 
practice than its theoretical properties.10  Strictly speaking, the validity of this approach 
hinges upon whether investors consider variance to be an adequate measure of investment 
risk.  In other words, investor preferences must be satisfactorily modeled using quadratic util-
ity. 

Beginning as early as 1967, Arditti determined that investors considered measures of down-
side risk beyond variance, and countless additional studies along similar lines have continued 
until now to demonstrate that variance is an inadequate measure of either security or portfolio 
risk.11  However, if the distribution of market returns can be fully described by its first two 
moments, then restricting one’s performance analysis to a mean-variance analysis can be jus-
tified, even if investors would otherwise be concerned about higher (and non-existent) mo-
ments of the return distribution.  But all tests with which we are familiar demonstrate that 
return distributions for stocks, bonds, and money market instruments cannot adequately be 
characterized by their means and variances, nor does modified Brownian motion fully cap-
ture the movement in these asset returns. 

Accordingly, we next measure investment performance using stochastic dominance analysis.  
Introduced in 1969 by Hanoch and Levy and by Hadar and Russell to remedy the shortcom-
ings of mean-variance analysis, stochastic dominance approaches have the clear advantage of 
taking into account all moments and other characteristics of the return distributions, and pro-
viding investment dominance analyses that do not depend upon knowing the exact shapes of 
investor preference functions.  This has another distinct advantage over the mean-variance 
approach, which cannot be valid for various horizons simultaneously because it relies on log-
normally distributed returns, which if valid (under certain conditions) for single-period re-
turns is not valid for multiperiod returns.  By contrast, the stochastic dominance approach 
remains valid because it is distribution-free.  The limitations and additional virtues of this 
approach are discussed at length in the authoritative treatise by Levy (2006).  While some of 
the limitations have been overcome by a plethora of research, dating from the 1970s to the 
present, there remain two: 

1) Stochastic dominance methods do not provide guidance into the construction of a 
portfolio from various individual securities. 

2) Stochastic dominance methods do not provide an equilibrium price for securities. 

Our third approach is an indirect approach to performance measurement, based on the dis-
crete-time multiperiod investment theory of Mossin (1968), Hakansson (1971, 1974), Leland 
(1972), Ross (1974), and Huberman and Ross (1983).  It remedies certain failings of mean-
variance analysis as well as the limitations of stochastic dominance analysis at the high cost 
                                                 
10 An excellent treatise on this approach is provided by Markowitz (1987). 
11 Indeed, as reported by Douglas (1969), John Lintner’s initial cross sectional tests conducted in 1965 found 
that residual risk, which according to the Capital Asset Pricing Theory’s version of mean-variance analysis is 
not supposed to be priced by the marketplace, was indeed important to investors.  More rigorous studies since 
then have reconfirmed these early findings.  Recently, Cvitanic, Polimenis, and Zapatero (2008) have found that 
ignoring higher moments can lead to significant overinvestment in risky securities, especially when volatility is 
high. 



7 

of specifying the form of the intertemporal preference function.  To mitigate this high cost, in 
part, we will conduct our analysis across a wide range or risk aversion levels.  Grauer and 
Hakansson (1982, 1985, 1986, 1987, 1993, and 1995) and others, applied this theory to the 
asset allocation problem with some success, where an empirical probability assessment ap-
proach was used to implement a set of investment strategies.  We will not rehearse the details 
of the methodology here, as they are well documented in Grauer and Hakansson (1986).  The 
approach is indirect in the sense that we will determine whether, based on past asset return 
patterns and a range of current expectations, SV assets would enter the optimal portfolio in 
any significant way. 

Our calibration periods were comprised of 80 consecutive quarters, at year-ends 2006, 2007, 
and 2008, which are twice as long as the 40-quarter periods relied upon by Grauer and 
Hakansson in most of their studies.12  We undertook an enhancement to their approach by 
inserting for each quarter the then current expected returns (or a range thereof) for each asset 
class rather than using their historical mean returns and spreads.  This is especially important 
for interest-bearing securities, because the lagging 80-quarter average returns may not reflect 
yield conditions and expected returns for the current quarters.  Also, for stocks, rather than 
use historical average excess returns, we instead conducted a sensitivity analysis using a 
range of spreads above Treasury bills and bonds to test for the effect of different expected 
returns.13  Then we adjusted the rolling time series of lagging quarters by using upper mo-
ment and co-moment preserving spreads, while substituting expected returns for only the first 
moment.  Clearly this is more realistic and considers the available information on expected 
returns for each quarter across all asset classes, while taking full advantage of the relative 
stability of upper moments and co-moments of their distributions.  We then derived optimal 
asset allocations for a wide range of risk aversion levels. 

5.  DATA 

We begin the first phase of our analysis in January 1989, just a few months beyond the incep-
tion of SV funds, and continue through December, 2009.  Later we extend the starting date 
back to 1973 to include the precursors of SV funds.  These analyses are performed separately 
for reasons explained later.  For non-SV investments, we use total monthly returns on the 
S&P 500 index, Ibbotson’s small stocks index, long-term government bonds index and cor-
porate bonds index, the Barclays-Lehman Intermediate Government/Credit index, and the 
Merrill Lynch 3-month Treasury bill index.  For SV funds, we use total net monthly returns 
and asset values (or quarterly where monthly data are not available) on various SV fund 
families managed by members of the Stable Value Investment Association (SVIA.)  From the 
stable value data we produce a composite index of stable value returns, including comingled 

                                                 
12 This was done to ensure that we captured multiple full business cycles in our estimations, as recently cycles 
have lengthened markedly.  (See, for example, http://www.nber.org/cycles.html)  Because correlations across 
asset classes are sometimes quite different during the expansion portion of a cycle than during the contraction 
phase, robust estimations are best made across both phases of several full cycles. 
13 See Merton (1980) for a discussion of expected market returns. 
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funds, externally managed separate accounts, internally managed separate accounts, and life 
insurance general account stable value.14  This index of returns is provided in Appendix B. 

We note that except for small stocks and SV funds, returns are gross returns and need to be 
adjusted for management fees and transaction costs to be comparable to returns on small 
stocks and SV investments.  We do this by subtracting average fees and expenses reported by 
the Investment Company Institute (ICI) for stock, bond and money market funds over the 
period of our analysis from the corresponding large stocks, bond or money market returns.15  
Figure 1 below shows the evolution of mutual fund fees and expenses over the period of our 
analysis. 

We have net return data on a subset of up to nine major SV fund complexes, although some 
of these funds began operations after January of 1989.16  Figure 2 shows the number of major 
SV fund complexes for which return data exist over each month in the period of interest.  The 
number of fund complexes reporting their return data over time and the number of funds 
within each complex mirror the growth in the number of funds in the entire market and are 
considered representative of the overall population of SV funds.  We note that, as the indus-
try expands, more and more plan sponsors offer SV investment options. 

                                                 
14 Our two composite indices were based on assets under management of $236.45 billion as of the beginning of 
2010.  Our composite indices, which covered approximately 75,000 plans, included general account funds, ex-
pernally managed separate account funds, and commingled funds.   

An alternative index available from Hueler Companies focuses on commingled funds.  In 2010, this index 
tracks approximately 85% of the 40,000 commingled funds under management, which totaled $100 billion.  See 
K. Hueler testimony before the U.S. Senate, June 16, 2010.  http://aging.senate.gov/events/hr222kh.pdf  Hueler 
Companies also construct indices on sub-samples of externally managed separate account funds (which in ag-
gregate constituted about 1/3 of all stable value funds).  See http://www.hueler.com/  We found the Hueler in-
dex of commingled fund monthly returns to be 98.9% correlated with monthly returns on our equally-weighted 
composite index and 98.6% correlated with monthly returns on our value-weighted composite index over the 
period from 9/1988 – 12/2009, and less than a single basis point apart. 
15 Annual fund fees and expenses from 1980 through 1989 are from ICI’s Research Fundamentals, Vol. 14, No. 
6, October 2005, pp. 3, 6, and 7. Annual fund fees and expenses from 1999 through 2009 are from ICI’s Re-
search Fundamentals, Vol. 19, No. 2, Figure 2, p. 3. 
16 Each major fund complex contains numerous individual funds, whose returns are closely linked.  For years 
prior to 2009, two of the fund complexes reported quarterly net returns.  For 2009, all of the returns we obtained 
are quarterly.  (Over the past few years there has been a move from away from quarterly to monthly guaranty 
periods among several funds, so our assumption of quarterly guaranty periods across all funds will result in mi-
nor estimation errors.)  As the return on an SV fund is generally a quarterly crediting rate, set prior to the quar-
ter to which it applies, for quarterly return series we use this quarterly rate to estimate a monthly return.  For 
each month in a given quarter, the monthly return may be calculated as follows: RMonthly = (1 + RQuarterly)

(Days in 

Month ÷ Days in Quarter) − 1.  This method results in a days-in-month pattern that very closely follows the pattern ob-
served in the other SV monthly return series we obtained. 
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Figure 1.   Annual Fees and Expenses for Stock, Bond, and Money Market Funds 

Stocks 
Bonds 

Money Market 

 

Using these data as well as asset values for each fund complex, we construct a value-
weighted average return series.  Figure 3 plots this series together with net monthly return 
series for the intermediate-term government/credit and money market fund series. 

The return series of individual funds in the SV average are highly correlated among them-
selves.  Both the average of pairwise correlation coefficients and an efficient measure of mul-
tiple correlation  the multirelation coefficient  indicate that the SV return series is highly 
representative of the individual fund returns.17  In Table 1 we report these coefficients for a 
set of five major SV fund complexes with data from January 1991 through 2009, and for a set 
of nine major fund complexes with data from April 1997 through 2009. 

We observe that the return series for the fund complexes comprising the index are highly cor-
related, even when first differences are used to eliminate the downward trend in the data. 

 

                                                 
17 The multirelation coefficient and its calculation are introduced and described in Zvi Drezner (1995).  A sig-
nificance level test of the coefficient is provided by Dear and Drezner (1997). 
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Table 1.  Correlation Among Return Series in the Stable Value Average

Levels Differences Levels Differences

Multirelation Coefficient 99.6% 95.4% 99.5% 95.1%

Average of Pairwise
Correlation Coefficients

94.2% 78.7% 88.7% 72.0%

Note : The multirelation coefficient is one minus the smallest eigenvalue of the correlation matrix 
of the data.  See, Zvi Drezner, Multirelation - a correlation among more than two variables, 
Computational Statistics & Data Analysis  19 (1995) 283-292.

5 Fund Complexes
Jan-91 to Dec-09

9 Fund Complexes
Apr-97 to Dec-09

 

Table 2 below presents summary statistics for the seven asset classes we study.  It shows that 
over the period of January 1989 through December 2009, SV investments have had, on aver-
age, a higher net monthly return and a lower return volatility than either money market or 
intermediate-term government/credit funds.  As expected, when compared to stocks or long-
term bonds, SV funds have exhibited both lower average returns and volatility.  These facts 
lie behind the results that we present in the next section.   

Table 2.  Summary Statistics — Net Monthly Returns, Jan-89 to Dec-09

Large
Stocks

Small
Stocks

Long-Term 
Gov't Bonds

Long-Term 
Corp. Bonds

Intermediate 
Gov't/Credit

Money
Market

Stable
Value

No. of Months 252 252 252 252 252 252 252

Mean 0.72% 1.02% 0.64% 0.60% 0.46% 0.32% 0.49%

Standard Deviation 4.31% 5.89% 2.85% 2.54% 0.96% 0.18% 0.13%

Minimum -16.88% -20.71% -11.31% -9.55% -2.80% -0.04% 0.24%

Maximum 11.28% 23.58% 14.36% 15.54% 3.21% 0.76% 0.80%

Jarque-Bera Test 35.36 33.66 122.65 539.61 4.62 N/A N/A

JB p-value 0.0000 0.0000 0.0000 0.0000 0.0992 N/A N/A

Note 1: The Jarque-Bera test is a test of the null hypothesis of normality.  When the null hypothesis is true, the JB statistic has an approximate Chi-
square distribution with two degrees of freedom.  5%, 1% and 0.1% critical values are, respectively, 5.99, 9.21, and 13.82.

Note 2: The Jarque-Bera test assumes independent returns.  This is a reasonable assumption for all but money market and stable value returns and 
we do not apply the JB test to these series.  

 

6.  RESULTS 

6.1  Mean-variance analysis.  As indicated earlier, mean-variance analysis pro-
vides a characterization of the trade-off between risk and return that is neither supported by 
the statistical properties of the return data, nor by the theoretical logic of risk aversion.  De-
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spite these shortcomings, the mean-variance approach provides useful insights into the ability 
of SV investments to dominate other asset classes. 

In this section we present evidence supporting the conclusion that, even as stand-alone in-
vestment, SV funds have been superior in the mean-variance sense to money market and in-
termediate-term government/credit bond funds.  We also show, based solely on historical re-
turns that, when included in optimal mean-variance portfolios, SV funds contribute signifi-
cantly to the portfolio, to the exclusion of money market, intermediate-term govern-
ment/credit bonds, long-term corporate bonds and even large stocks.  In other words, optimal 
mean-variance portfolios contain only SV funds, long-term government bonds and small 
stocks in proportions that naturally vary with the expected return (or, alternatively, the ex-
pected volatility) of the optimal portfolio.   

When discussing summary statistics for our net monthly return data in Table 2, we observed 
that, over the period of our study from January 1989 through December 2009, SV returns ex-
hibited both a higher mean and lower volatility than either money market or intermediate-
term government/credit bond returns.  This feature can be seen in Figure 4 below, where we 
plot two efficient frontiers, one including all seven asset classes in our study and one that ex-
cludes SV funds. 
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Figure 4.  Efficient Frontiers for Alternative Asset Classes
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It is interesting to note the potentially large scope for improvement that inclusion of SV in-
vestments brings to an optimal mean-variance portfolio for more than two thirds of the ex-
pected return range.  As revealing as Figure 4 is, it does not show the full extent to which SV 
investments contribute to an optimal portfolio since it says nothing about the relative alloca-
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tions of wealth among SV funds and other investments at different points along the efficient 
frontier.  Table 3-A reports these optimal weights (again based solely on historical returns) 
for selected expected monthly returns ranging from 0.49%, the historical average net return 
for SV funds, to 1.02%, the historical small stocks net return. 

We observe that no optimal mean-variance portfolio along the efficient frontier includes 
money market instruments, intermediate-term bonds or long-term corporate bonds.  Not even 
large US stocks are included.  We also observe that SV funds predominate in the lower por-
tion of the expected return range, where one would conventionally anticipate seeing money 
market and intermediate-term bond investments. 

Table 3-A.  Optimal Weights for Mean-Variance Efficient Portfolios (Jan-89 to Dec-09)

Expected
Return

Standard 
Deviation

Large
Stocks

Small
Stocks

Long-Term 
Gov't Bonds

Long-Term 
Corp. Bonds

Intermediate 
Gov't/Credit

Money
Market

Stable
Value

0.49% 0.13% 0 0 0 0 0 0 99.9%
0.52% 0.28% 0 3.8% 4.6% 0 0 0 91.6%
0.55% 0.52% 0 7.5% 9.3% 0 0 0 83.1%
0.57% 0.76% 0 11.2% 14.0% 0 0 0 74.8%
0.60% 1.01% 0 15.0% 18.7% 0 0 0 66.3%
0.62% 1.25% 0 18.7% 23.4% 0 0 0 57.9%
0.65% 1.50% 0 22.4% 28.1% 0 0 0 49.4%
0.68% 1.75% 0 26.2% 32.8% 0 0 0 41.1%
0.70% 1.99% 0 29.9% 37.5% 0 0 0 32.6%
0.73% 2.24% 0 33.6% 42.2% 0 0 0 24.2%
0.76% 2.49% 0 37.4% 46.9% 0 0 0 15.7%
0.78% 2.74% 0 41.1% 51.6% 0 0 0 7.3%
0.81% 2.99% 0 45.2% 54.8% 0 0 0 0
0.83% 3.26% 0 52.0% 48.0% 0 0 0 0
0.86% 3.58% 0 58.9% 41.1% 0 0 0 0
0.89% 3.92% 0 65.7% 34.3% 0 0 0 0
0.91% 4.29% 0 72.6% 27.4% 0 0 0 0
0.94% 4.67% 0 79.4% 20.6% 0 0 0 0
0.96% 5.07% 0 86.3% 13.7% 0 0 0 0
0.99% 5.47% 0 93.1% 6.9% 0 0 0 0
1.02% 5.89% 0 100.0% 0 0 0 0 0

Note :  Weights may not add up to 100% across a given row due to rounding.

Asset Class

 

Table 3-B repeats the optimal portfolio analysis but where SV is not included as an available 
asset class.  Two observations are important here.  First, money market instruments, interme-
diate-term bonds, and long-term corporate bonds now enter the optimal portfolios at various 
levels of portfolio risk, along with small stocks and long-term government bonds.  Second, 
large stocks never enter mean-variance-efficient portfolios model when calibrations are based 
on the past 21 years of historical returns and correlations. 

Another interesting observation can be made if the first two columns of Table 3-B are com-
pared to those of Table 3-A.  Noting that Table 3-B begins at expected returns below and 
standard deviations above those of Table 3-A, owing to the preclusion of SV from Table 3-B, 
it is clear that portfolio risk levels are substantially higher for all levels of return (except for 
the highest returns, with 100% allocation in small stock) across all levels of portfolio returns. 
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Table 3-B.  Optimal Weights for Mean-Variance Efficient Portfolios Excluding SV (Jan-89 to Dec-09)

Expected
Return

Standard 
Deviation

Large
Stocks

Small
Stocks

Long-Term 
Gov't Bonds

Long-Term 
Corp. Bonds

Intermediate 
Gov't/Credit

Money
Market

0.32% 0.18% 0 0.3% 0 0.1% 0 99.6%
0.35% 0.26% 0 2.2% 0 0 15.0% 82.8%
0.39% 0.41% 0 4.1% 0 0 30.1% 65.8%
0.42% 0.57% 0 6.0% 0 0 45.3% 48.7%
0.46% 0.74% 0 7.9% 0 0 60.2% 31.8%
0.49% 0.92% 0 9.8% 0 0 75.4% 14.8%
0.53% 1.10% 0 12.3% 0 0 87.7% 0
0.56% 1.30% 0 15.8% 8.6% 0 75.5% 0
0.60% 1.51% 0 19.2% 17.7% 0 63.1% 0
0.63% 1.74% 0 22.6% 26.8% 0 50.6% 0
0.67% 1.97% 0 26.0% 35.9% 0 38.1% 0
0.70% 2.21% 0 29.4% 44.9% 0 25.7% 0
0.74% 2.45% 0 32.8% 53.9% 0 13.2% 0
0.77% 2.69% 0 36.2% 63.0% 0 0.8% 0
0.81% 2.98% 0 45.0% 55.0% 0 0 0
0.84% 3.36% 0 54.1% 45.9% 0 0 0
0.88% 3.80% 0 63.3% 36.7% 0 0 0
0.91% 4.28% 0 72.4% 27.6% 0 0 0
0.95% 4.80% 0 81.6% 18.4% 0 0 0
0.98% 5.33% 0 90.8% 9.2% 0 0 0
1.02% 5.89% 0 100.0% 0 0 0 0

Note :  Weights may not add up to 100% across a given row due to rounding.

Asset Class

 

Continuing in the spirit of mean-variance analysis, we turn to the Sharpe ratio so commonly 
used in asset allocation and performance measurement.18  The Sharpe ratio measures excess 
return per unit of risk according to the formula: 
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
  (4) 

where R is the asset return, Rf is the return on the risk-free rate of return, and ][ fRRE   is the 

expected value of the excess of the asset return over the risk-free rate.  This ratio is used as a 
measure of how well an investor is compensated per unit of risk taken.  Higher ratios denote 
greater return for the same level of risk. 

We also use the Sortino ratio to focus more on the downside risk.19 The Sortino ratio is based 
on the Sharpe ratio, but penalizes for only those returns that fall below the target return, 
which in our case will be the average riskless rate of return over the period of analysis.  The 
ratio gives the actual rate of return in excess of the risk-free rate per unit of downside risk, 
and is as calculated below: 

                                                 
18 The original “Reward-to-Variability” performance ratio, better known as simply the “Sharpe ratio” of Wil-
liam Sharpe was modified by him in 1994. The modified version of his ratio is used in this analysis. See Sharpe 
(1994). 
19 See Sortino and Price (1994) and Sortino and Van der Meer (1991) for a description of the Sortino Ratio. The 
theoretical foundations for the Sortino Ratio are provided in Pedersen and Satchell (2004). 
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The Sharpe and Sortino ratios for monthly net return data are reported in Table 4-A. 

Table 4-A.  Sharpe and Sortino Ratios  (Monthly Data, Jan-89 to Dec-09)

Large
Stocks

Small
Stocks

Long-Term
Gov't Bonds

Long-Term
Corp. Bonds

Intermediate 
Gov't/Credit

Stable
Value

Mean of Excess Returns 0.40% 0.70% 0.32% 0.29% 0.14% 0.18%

STDEV of Excess Returns 4.30% 5.90% 2.83% 2.53% 0.94% 0.12%

Target Semi-Deviation 3.08% 4.03% 1.91% 1.64% 0.63% 0.01%

Sharpe Ratio 0.093 0.119 0.113 0.113 0.152 1.527

Sortino Ratio 0.130 0.174 0.167 0.175 0.228 12.002

Note: The target rate for the Sortino ratio is the average Money Market fund rate.  Therefore, the numerator is the same in both ratios.  

We note that the Sharpe ratio values for five of the asset classes are mostly clustered to-
gether, but that for SV the ratio is about ten times greater than the highest of the other asset 
classes.  This pattern is even more pronounced for the Sortino ratio.  The extremely high 
Sortino ratio assigned to SV funds, relative to those assigned to other asset classes, results 
from the fact that throughout the entire 252-month period under consideration, the risk-free 
rate exceeded the SV credited rate only for thirteen months, and by small amounts.  Hence, 
there were only a few, small observations that factored into the denominator. 

What is most noteworthy about these ratios is how much higher they are for SV funds than 
for the other asset classes.  Although our calculations are based primarily on monthly data, 
we also provide the analogous ratios based on annual returns in Table 4-B.  Again we ob-
serve very large Sharpe and Sortino ratios for SV funds relative to other investment classes. 

Table 4-B.  Sharpe and Sortino Ratios  (Annual Data, 1989 to 2009)

Large
Stocks

Small
Stocks

Long-Term
Gov't Bonds

Long-Term
Corp. Bonds

Intermediate 
Gov't/Credit

Stable
Value

Mean of Excess Returns 5.71% 9.02% 4.11% 3.47% 1.79% 2.23%

STDEV of Excess Returns 19.07% 23.01% 11.23% 7.68% 3.82% 1.31%

Target Semi-Deviation 12.02% 11.66% 6.19% 3.78% 2.07% 0.19%

Sharpe Ratio 0.299 0.392 0.366 0.451 0.468 1.696

Sortino Ratio 0.475 0.774 0.664 0.918 0.864 11.980

Note: The target rate for the Sortino ratio is the average Money Market fund rate.  Therefore, the numerator is the same in both ratios.  

What we can say from this ratio analysis is that the structure of SV returns is very different 
from that of other asset classes, and that its structure does not lend itself well to traditional 
mean-variance metrics for comparison.  Moreover, these mean-variance findings are derived 
from return distributions that, for most investment classes, are decidedly not normal, as evi-
denced by the bottom row of Table 2 displayed earlier.  Accordingly, we now turn to present 
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alternative and more powerful analyses that buttress the implications our mean-variance 
analyses. 

6.2  Stochastic dominance analysis.  We next discuss the ability of SV funds to 
dominate alternative asset classes in the sense of stochastic dominance (SD) which, as we 
indicated earlier, provides dominance criteria under very general conditions with respect to 
an investor’s attitudes toward risk and considers higher moments of the asset return distribu-
tions. 

First-degree stochastic dominance (FSD) imposes only one preference restriction – investors 
prefer more wealth to less wealth.  In addition to this requirement, second-degree dominance 
(SSD) requires investors to be risk averse, i.e., to dislike a drop in wealth more than they like 
a wealth increase of the same magnitude.  The development of third-degree stochastic domi-
nance (TSD) was motivated by a long observed preference among investors for positively 
skewed returns.  A subset of the class of investors that prefer returns exhibiting third-degree 
stochastic dominance is the important group whose preferences are characterized by decreas-
ing absolute risk aversion (DARA).  Such investors are willing to pay less for insuring 
against a given sized risk, on average, as they accumulate greater wealth, which appears to 
accord with observed behavior toward risk.  Fourth-degree stochastic dominance (4SD) was 
developed to capture investors’ aversion toward kurtosis, where returns are characterized by 
peaked distributions and fat tails, such that losses can be extreme.  Of course kurtosis can fa-
vor investors who have asymmetric claims toward returns, such as investors in call options, 
but for investors who have equal claims to both tails of a distribution, the fatter tails cause a 
disproportionate loss in utility.20 

Table 5 presents the SD results among the seven asset classes in our study, based solely on 
historical returns.21  Only the SV fund historical returns distribution dominates two asset 
classes in the stochastic dominance sense up to the fourth degree; none of the other asset 
classes dominates SV funds. 

                                                 
20 See the detailed exposition in Levy (2006) for a complete characterization of the necessary and sufficient 
conditions for SD. 
21 Stochastic dominance analysis is not restricted to basing return and risk expectations solely on historical re-
turns, but that is the approach we take in this study. 
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Table 5. Stochastic Dominance Among Alternative Asset Classes
Net Monthly Returns Jan-89 — Dec-09

Stable
Value

Money
Market

Intermediate 
Gov't/Credit

Long-Term 
Corporate 

Bonds

Long-Term 
Government 

Bonds

Large
Stocks

Small
Stocks

Stable
Value

NO NO NO NO NO NO

Money 
Market

YES:
FSD, SSD, 
TSD, 4SD

NO NO NO NO NO

Intermediate 
Gov't/Credit

NO: FSD   
YES: SSD, 
TSD, 4SD

NO NO NO NO NO

Long-Term 
Corporate 
Bonds

NO NO NO NO NO NO

Long-Term 
Government 
Bonds

NO NO NO NO NO NO

Large
Stocks

NO NO NO NO NO NO

Small
Stocks

NO NO NO NO NO NO

Does the Investment in Column Stochastically Dominate the Investments in Rows?

Note :  A cell with a single NO result indicates that the column investment does not SD the row investment for any of the first four 
degrees.  

Turning to SV funds, they stochastically dominated money market investments by the first-
degree and, as a corollary, by any higher degree as well.  This is a direct consequence of the 
fact that when sorted returns for SV and money market funds are compared in a pairwise 
fashion over the past two decades, the SV return was always greater than the corresponding 
money market return.  In other words, the empirical cumulative distribution function (CDF) 
of the money market returns was strictly above and to the left of the empirical CDF of the SV 
returns, meaning that for any given return the probability of obtaining a lower return with a 
money market fund is greater than with an SV fund.  Consequently, any investor who pre-
ferred more wealth to less wealth should have avoided investing in money market funds 
when SV funds were available, irrespective of risk preferences. 

Although SV funds failed to stochastically dominate intermediate-term government/credit 
bonds by the first degree, they dominated by the second and higher degrees.  This result is a 
direct consequence of the fact that while the empirical CDFs of these two asset classes cross 
(thus preventing first-degree stochastic dominance), positive intermediate-term bond returns 
during the period of our study were never large enough, relative to corresponding SV returns, 
to make at least some risk-averse investors prefer the riskier intermediate-term bond invest-
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ment.  Technically, the integral of the difference between the intermediate-term bond return 
distribution and the SV return distribution is positive for any return. 

The results in this sub-section are remarkable.  Not surprisingly, there is no stochastic domi-
nance of any one traditional class over another; indeed dominance is rarely encountered.  Ac-
cordingly, it was surprising to find that SV investments dominated two of the major tradi-
tional investment classes. 

6.3  Intertemporal optimization analysis.  The intertemporal investment model 
of Grauer and Hakansson (1982, 1985, 1986, 1987, 1993, and 1995) considers an investor 
who, at the beginning of each period, allocates wealth among various investment alternatives 
so as to maximize expected utility of wealth.  The investment alternatives we consider are the 
same as in our previous analysis, but the investment horizon is assumed to be a quarter.  
Therefore, the return data we use are net quarterly returns for the period Q1-1989 through 
Q4-2008. 

At the beginning of the optimization quarter t, the investor chooses a portfolio that maxi-
mizes expected utility of wealth, 
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subject to 0, tiw  with 1, i tiw  for all t.  E[·] is the expectations operator, wit is the fraction 

of wealth allocated to investment i in period t, rit is the investment i return that will obtain at 
the end of quarter t, and a ≤ 1 is a risk parameter.  The function U(·) is the familiar constant 
relative risk aversion (CRRA) utility function with the coefficient of relative risk aversion 
given by a 1 . 

In order to evaluate the expectation in (6) we need the unknown joint distribution of quarterly 
returns.  We thus estimate this expectation using observed return data for the 80 quarters 
prior to a decision quarter t.22  We also use yield data on money market funds known at the 
beginning of quarter t and historical equity and bond premiums, as explained below. 

Note that SV funds offer a crediting rate which is generally reset at the beginning of each 
quarter.  This means that for each decision period, the SV return is known at the time the in-
vestor solves the optimization problem.  Therefore, the SV return is not random.23  However, 
the remaining investments, large and small stock funds, long-term government and corporate 

                                                 
22 We explain the use of an 80-quarter estimation window in footnotes 12 and 23. 
23 We have ignored in our modeling here that a tiny part of the monthly return reflects return on cash and is 
therefore not entirely known at the beginning of the quarter.  Moreover, large funds may have several overlap-
ping cohort segments that constitute a given quarterly segment, and the cohorts may mature at different times 
during the quarter.  As they roll off, they are substituted by a new cohort segment.  In the past, this substitution 
has given rise to as much as an 8 basis points change in the overall returns of a given quarter.  These changes 
are too small to affect the results of this section, so they are not considered here. 
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bond funds, intermediate-term government/credit bond funds and money market funds have 
random decision period returns at the beginning of the period and thus the expected utility of 
wealth needs to be estimated.  Grauer and Hakansson (1982, 1985, 1986, 1987, 1993, and 
1995) use the realized returns over the 40 quarters prior to each decision period in order to 
estimate the expected utility of wealth and solve the investor’s optimization problem.  We 
follow a slightly different approach, to avoid the difficulties involved in estimating expected 
returns using only historical data (Merton, 1980).24 

For a given optimization quarter, the expected return on money market funds is taken to be 
the yield available on the day prior to the optimization quarter, expressed as a quarterly rate. 

In the case of bond funds (composed of either long-term government bonds, or long-term 
corporate bonds, or intermediate-term government/credit bonds) we calculate for each quar-
terly return series the difference between actual returns and the sample mean.  We then take 
this residual series and add to it an expected return that is constructed as the money market 
expected return described above (expressed as a quarterly rate) augmented by an appropriate 
historical bond premium calculated on the basis of quarterly return data from 1926 through 
the quarter.  For example, in the case of long-term government bonds the historical quarterly 
average excess return over 3-month Treasury bills from 1926 through 2009 is 0.5136% or 
2.07% per year.  We therefore would estimate the expected return on long-term government 
bonds, to be used in the optimization problem for the first quarter of 2010, as the sum of the 
money market yield at the beginning of 2010, expressed as a quarterly rate, and the 0.5136% 
historical quarterly bond premium.  We incorporate this quarterly rate into the quarterly re-
sidual series for the sample of interest (in this case, the 80 quarters in the 1990-2009 period) 
to obtain a return series with the desired expected return.  This procedure is also applied to 
our long-term corporate and intermediate-term bond series, and to our large and small stock 
series (with the exception mentioned below).25  The procedure we use to estimate expected 
returns gives us 80-quarter series of money market, bond, and stock returns that preserve the 
same second and higher moments and co-moments as the original quarterly return data. 

Instead of calculating historical small and large stocks equity premiums, we consider al-
ternative values for the large stocks equity premium, ranging from 2.5%-5.5% per year over 
the money market expected return calculated as described above.  These values reflect the 
recent and current discussion on the equity premium that is likely to obtain over the foresee-
able future (Siegel, 2005; Welch, 2009; Fernandez and del Campo, 2010).  Concerning the 
small stocks premium, we assume that it will exceed the large stock equity premium by the 

                                                 
24 Properly speaking, solving the investor’s maximization problem does not require direct estimation of ex-
pected returns.  However, the sample mean of expected utility in expression (6), based on data observed over 
the 80 quarters prior to the decision period, will indirectly inherit the problems associated with estimation of 
expected returns, especially during a period where expected asset returns may have been time-varying.  In our 
2007 study, we experimented with estimation windows extending from 40 quarters to 111 quarters, and gener-
ally found that beyond 80 quarters, the estimation windows were quite stable. 
25 In order to use data from 1926, we estimate the intermediate-term historical premium using the Ibbotson’s 
intermediate government bond data since the Barclays-Lehman intermediate government/credit index is only 
available beginning in 1973. 
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difference between the historical average small stocks return and the historical large stocks 
return over the period 1926 through the end of each study period. 

The discussion in the two preceding paragraphs can be summarized in the following ex-
pression for the asset returns we use in this analysis: 

,80,1 ,~
,,  tr tiiMMti      (7) 

where MM  is the money market yield on the day prior to the beginning of the optimization 
quarter, i is the risk premium of asset class i (small and large stocks, long-term government 
and corporate bonds, and intermediate-term bonds), constructed as explained above, and 

ititi rr  ,,  is the excess return for asset class i over the sample return over the period of in-

terest. 

We now proceed to examine three interesting recent periods whose diverse market conditions 
will give rise to representative results. 

6.3.1  Optimal Asset Allocation for Q1-10.  We first find optimal 
weights for all seven investment alternatives, by solving the optimization problem in ex-
pression (6) for the first quarter of 2010, using the empirical distribution of returns, as de-
scribed above, for the 80 quarters from 1990 through 2009 in order to calculate expected util-
ity of wealth.  Figure 5 shows optimal portfolio weights for selected values of the risk aver-
sion coefficient ρ, and selected values of the large stock equity premium. 

Figure 5 reveals that, with the exception of a very small proportion of long-term government 
bonds for moderate risk aversion levels when the large stocks premium is 5.5% per year, 
only small stocks and SV funds are relevant in the optimal portfolios, irrespective of the level 
of risk aversion.  As expected, SV funds represent a larger fraction of the optimal portfolio as 
risk aversion increases.  Also as expected, a larger equity premium increases the proportion 
of small stocks in the optimal portfolio for any given risk aversion level. 

Table 6 reports the premiums and corresponding expected returns that underlie the optimal 
weights in Figure 5.  Premiums and expected returns for bonds, and expected returns used for 
money market and SV investments do not depend on the large stocks premium used and are 
only reported once. 

The extreme results obtained in this case, where only various combinations of small stocks 
and stable value investments are considered optimal regardless of the degree of risk aversion, 
are due to the very low money market yields observed at year-end 2009, with short-term in-
terest rates at near-zero levels.  (Recall that the spreads used to form expected returns for 
other asset classes in the model are tied to money market rates; accordingly, these expected 
returns are also low.)  Because of upheaval in financial markets due to the recent crisis, this 
is a situation that, while optimal for an investor making decisions at the beginning of 2010, 
may not be representative. 
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Nevertheless, this extreme situation allows for some interesting sensitivity analysis.  In order 
to quantify what expected return would be necessary for one of the excluded asset classes to 
enter into the optimal portfolio, we conduct an experiment where expected returns, as re-
ported in the panel corresponding to a large stock premium of 3.5% in Figure 5 and Table 6, 
are increased, for each value of the coefficient of relative risk aversion, until a given asset 
class enters the optimal portfolio with either a 1% or a 10% weight.26 

                                                 
26 We do not consider money market funds in this experiment. 

Table 6.  Premiums and Expected Returns for Optimization Quarter Q1-10 

Asset Premium 
Expected

Return Premium
Expected
Return Premium

Expected
Return Premium

Expected
Return

Large Stocks 2.50% 2.56% 3.50% 3.56% 4.50% 4.56% 5.50% 5.56%
Small Stocks 8.04% 8.10% 9.04% 9.10% 10.04% 10.10% 11.04% 11.10%
L.T. Gov't Bonds 2.08% 2.14% -------------------------- same pattern repeats ------------------------------------
L.T. Corp. Bonds 2.46% 2.52% -------------------------- same pattern repeats ------------------------------------
I.T. Gov't/Credit 1.75% 1.81% -------------------------- same pattern repeats ------------------------------------
Money Market 0.06%    ----------------------------------------------------------------------------------------
Stable Value 3.10%    ----------------------------------------------------------------------------------------

Large Stocks Premium

2.5% 3.5% 4.5% 5.5%
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Table 7 reports the results of this analysis. 

 

Table 7 displays the increase in expected returns (in basis points) for the different cases con-
sidered, across a range of risk coefficients similar to that applied by Grauer and Hakansson.27  
For instance, at a risk aversion index of 5, the expected excess returns (above the risk-free 
interest rate) on large stocks would need to be increased above the assumed expected excess 
return of 3.5% by an additional 294 basis points before they would enter the optimal portfolio 
with a 1% weight, and by 338 basis points before they would constitute as much as 10% of 
the portfolio, assuming that the expected return on all other asset classes remains unchanged. 

An examination of the calculations shows that, with the exception of the row corresponding 
to ρ = 1, the increments to expected return required for an asset class to enter the optimal 
portfolio grow as risk aversion increases.  For example, in the case of large stocks with an 
assumed equity risk premium of 350 basis points, an additional 436 basis points of expected 
return would be required for them to reach a 10% portfolio weight when the risk aversion 
coefficient is 15, compared to only 338 more basis points at a risk aversion coefficient of 5.  
This general pattern can also be seen when long-term or intermediate-term bonds are consid-
ered.  In the former case, however, the amount of additional basis points required to achieved 
optimal weights of either 1% or 10% is less than that for large stocks due to the smaller vola-
tility of long-term bonds, compared to large stocks, in spite of the smaller expected returns 
that long-term bonds have, compared to SV funds (see Table 6).  For intermediate-term 
bonds, we observe that the amount of additional basis points required to get them into the 

                                                 
27 Grauer and Hakansson use values of the coefficient a, and we use values of the coefficient of relative risk 
aversion ρ = 1 − a.  A recent study confirms that the broad range of risk aversion levels used by Grauer and 
Hakansson has strong empirical support.  See Malloy, Moskowitz, and Vissing-Jørgensen (2009). 

Table 7.  Additional Basis Points Required for Asset Class to Enter Optimal Portfolio

1% 10% 1% 10% 1% 10% 1% 10%

1 299 317 36 118 49 121 120 183
3 293 320 25 53 41 69 106 110
5 294 338 28 73 44 89 107 112
15 303 436 38 174 54 188 108 126
25 313 664* 49 273 65 284 110 139
50 337 1383* 74 518 89 519 113 172
75 362 2128* 99 757 114 753 116 205

Notes:
[1] 

[*] 

ρ 

For a given risk coefficient and asset class, an entry in the table is the number of basis points that the premium 
over money market funds needs to increase by, above the premium shown in Table 6, for the asset class to enter 
the optimal Q1-09 portfolio with a weight of either 1% or 10%, as indicated in column headings.  Remember that the neces-
sary increase in basis points shown here are in addition to the 350 basis points of equity premium already assumed in our 
base case being examined. 
In these cases, large stocks enter the optimal portfolio to the exclusion of small stocks.

Large Stocks L.T Gov't Bonds L.T. Corp. Bonds I.T. Gov't/Credit
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optimal portfolio is not as sensitive to risk aversion or to the desired weight (1% or 10%) as 
is the case for long-term bonds.  This is because in this analysis, intermediate-term bonds 
have an expected return that is significantly smaller than that of SV investments (1.81% v. 
3.10% per year) so that the number of basis points required is larger than in the case of long-
term bonds to reach a 1% weight, and also because their volatility is smaller than that of 
long-term bonds so that the optimal weight is not as dependent on risk aversion. 

The exception to the general pattern just described is that the amount of basis points required 
to make large stocks, long-term bonds, and intermediate-term bonds enter the optimal portfo-
lio is larger for a risk aversion coefficient of ρ = 1 than for the next value we consider, ρ = 3.  
This is the case because for ρ = 1 the only investment class in the optimal portfolio is small 
stocks so that large stocks, long-term bonds, and intermediate-term bonds can become part of 
the optimal portfolio only when their expected return is high enough to partially crowd out 
small stocks.  For values of ρ greater that one, SV funds are a significant part of the optimal 
portfolio so that large stocks and, especially, long-term and intermediate-term bonds are able 
to partially crowd small stocks and/or SV funds out of the optimal portfolio with a smaller 
amount of basis point increase for moderate risk aversion levels (and even for high risk aver-
sion levels in the case of intermediate-term bonds). 

6.3.2  Optimal Asset Allocation for Q3-08.  Next we calculate optimal 
portfolios for the third quarter of 2008, using data for the prior 80 quarters.  Figure 6 shows 
the optimal portfolio weights for selected values of the risk parameter ρ, and selected large 
stocks annual risk premiums. 

The underlying premiums and expected returns are presented in Table 8. 

The annual expected money market return and SV return are, respectively, 1.90% and 4.53%, 
compared to 0.06% and 3.10% for year-end 2009 (see Table 6), and the expected returns for 
other asset categories are significantly higher as well, yet we observe basically the same op-
timal portfolios as in the previous case, with small stocks and SV funds being the only sig-
nificant investment classes, except for a small fraction of long-term government bonds at 
higher large stocks premiums.  This pattern of optimal portfolios being comprised largely of 
SV and small stocks is not that uncommon, it turns out, when expected returns are based on 
historic spreads and current yields.  In fact, in our 2007 and 2009 papers, we found these 
portfolios to be the norm. 
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6.3.3  Optimal Asset Allocation for Q1-07.  We finally calculate optimal 
portfolios for the first quarter of 2007, again using data for the prior 80 quarters.  Figure 7 
shows the optimal portfolio weights for selected values of the large stocks risk premium and 
of the risk parameter ρ, and Table 9 shows the underlying premiums and derived expected 
returns. 
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Figure 6.    Optimal Portfolio Weights - Optimization Quarter Is Q3 - 08 

Large Stocks Premium (annual)

2.5%                                 3.5%                                 4.5%                                  5.5% 

Table 8.  Premiums and Expected Returns for Optimization Quarter Q3-08

Asset Premium 
Expected

Return Premium
Expected

Return Premium
Expected 

Return Premium
Expected

Return

Large Stocks 2.50% 4.40% 3.50% 5.40% 4.50% 6.40% 5.50% 7.40%
Small Stocks 8.05% 9.95% 9.05% 10.95% 10.05% 11.95% 11.05% 12.95%
L.T. Gov't Bonds 2.02% 3.92% -------------------------- same pattern repeats ------------------------------------

L.T. Corp. Bonds 2.27% 4.17% -------------------------- same pattern repeats ------------------------------------
I.T. Gov't/Credit 1.70% 3.60% -------------------------- same pattern repeats ------------------------------------
Money Market 1.90%    ----------------------------------------------------------------------------------------

Stable Value 4.53%  ----------------------------------------------------------------------------------------

Large Stocks Premium

2.5% 3.5% 4.5% 5.5%
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This is a case where both money market and intermediate-term bond funds have expected 
returns above the SV return of 4.87%, which is contrary to the historical experience.  For this 
reason, money market and intermediate-term bond funds play a significant role in the optimal 
portfolios for larger risk aversion levels.  In effect, they largely substitute for SV holdings at 
moderate levels of risk aversion. 

The yield curve at year-end 2006 was fairly flat with relatively high money market yields 
that exceeded SV rates.  This has happened only rarely since 1989.  Also, interest rates had 
been increasing steadily for about three years, a fact that disadvantages SV returns that tend 

Table 9.  Premiums and Expected Returns for Optimization Quarter Q1-07 

Asset Premium 
Expected

Return Premium
Expected

Return Premium
Expected

Return Premium
Expected

Return

Large Stocks 2.50% 7.52% 3.50% 8.52% 4.50% 9.52% 5.50% 10.52%
Small Stocks 8.31% 13.33% 9.31% 14.33% 10.31% 15.33% 11.31% 16.33%
L.T. Gov't Bonds 2.00% 7.02% -------------------------- same pattern repeats ------------------------------------

L.T. Corp. Bonds 2.40% 7.42% -------------------------- same pattern repeats ------------------------------------
I.T. Gov't/Credit 1.63% 6.65% -------------------------- same pattern repeats ------------------------------------
Money Market 5.02% ----------------------------------------------------------------------------------------

Stable Value 4.87% ----------------------------------------------------------------------------------------

Large Stocks Premium

2.5% 3.5% 4.5% 5.5%
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to adjust to intermediate-term bond returns with a lag.  This helps explain the limited pres-
ence of SV funds in the optimal portfolios for the first quarter of 2007.  Notwithstanding 
these findings, we encountered no evidence of significant withdrawals from SV funds during 
this quarter.  As stated earlier, the provisions governing SV funds generally do not foster 
yield chasing behavior. 

It is also interesting to note that long-term corporate bonds at modest degrees of risk aversion 
and intermediate-term bonds at somewhat higher risk aversion degrees, have a significant 
presence in the optimal portfolios, and that money market funds also enter.  This is a conse-
quence of the relatively high expected returns for these asset classes, given their respective 
volatilities. 

7.  Robustness Analysis 

While important, the implications of our three-fold analysis should not be regarded as dispo-
sitive.  It should be recalled that over the 21-year period of the first phase of our analysis, 
which began with the inception of modern SV funds in 1989, interest rates exhibited a gen-
eral decline to half their initial level, albeit with occasional and protracted periods of rising 
interest rates interspersed.  Such a period of decline would tend to favor longer duration fixed 
income investments, including stable value, over money market funds.  We sought to remedy 
this by examining the precursors of SV funds – traditional -GICs – to see how they fared dur-
ing the period of rapidly rising interest rates that characterized the late 1970s and early 
1980s. 

Table 10 reports summary statistics for the extended 37-year period beginning in February of 
1973 and ending in December of 2009.28 

Comparing Tables 2, and 10, we observe that average returns for a particular asset vary con-
siderably, especially for small stocks, money market and SV returns.  Small stocks have an 
average net monthly return of 1.25% for the extended period, compared with 1.02% for the 
period 1989 through 2009.  This difference is essentially due to the better performance of 
small stocks over the period 1973 – 1988 and the smaller impact of the negative returns in 
2008 on an average calculated over 443 months instead of 252.  The 14 basis points jump in 
money market average return of 0.46% for the extended period is due to the higher yields on 
debt instruments observed during the late seventies and early eighties.  This is also the reason 
that the SV average return increased by 9 basis points to 0.58% for the extended period com-
pared to the average of 0.49% over the period 1989 – 2009. 

                                                 
28 Many SV funds use the Lehman Intermediate Government/Credit Bond yield series as a benchmark.  We use 
the wrapped index based on this series as our proxy for SV returns prior to the beginning of our SV average 
return series in September of 1988.  For the period of time during which the Lehman intermediate govern-
ment/credit wrapped series and our SV return series overlap, September of 1988 through February of 2008, the 
correlation coefficient between the series is 98.5% and the average difference between them is only 4.955 basis 
points.  In order to use a consistent proxy for net SV returns, we subtract this average difference from the Leh-
man intermediate government/credit wrapped monthly return for the period from February 1973 to August 
1988. 
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Table 10.  Summary Statistics — Net Monthly Returns, Feb-73 to Dec-09

Large
Stocks

Small
Stocks

Long-Term 
Gov't Bonds

Long-Term 
Corp. Bonds

Intermediate 
Gov't/Credit

Money
Market

Stable
Value

No. of Months 443 443 443 443 443 443 443

Mean 0.74% 1.25% 0.61% 0.60% 0.52% 0.46% 0.58%

Standard Deviation 4.55% 6.29% 3.14% 2.86% 1.26% 0.29% 0.17%

Minimum -21.71% -29.19% -11.31% -9.55% -4.79% -0.04% 0.24%

Maximum 16.62% 27.67% 15.06% 15.54% 8.81% 1.80% 0.92%

Jarque-Bera Test 51.53 115.50 87.24 181.19 370.51 N/A N/A

JB p-value 0.0000 0.0000 0.0000 0.0000 0.0000 N/A N/A

Note 1: The Jarque-Bera test is a test of the null hypothesis of normality.  When the null hypothesis is true, the JB statistic has an approximate Chi-
square distribution with two degrees of freedom.  5%, 1% and 0.1% critical values are, respectively, 5.99, 9.21, and 13.82.

Note 2: The Jarque-Bera test assumes independent returns.  This is a reasonable assumption for all but money market and stable value returns and 
we do not apply the JB test to these series.  

Evidence of non-normality is even stronger for the extended sample period, across all asset 
classes to which the Jarque-Bera test applies. 

The differences we observe in mean returns across the two sample periods considered are 
reflected in the efficient frontier corresponding to the February 1973 to December 2009 data, 
shown in Figure 8. 
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We observe a much flatter efficient frontier for the extended sample period.  This is primarily 
the result of the higher small stocks average return and the lower long-term government bond 
returns, compared to the corresponding values for the 1989 – 2009 sample period.29 

The composition of the efficient portfolios reported earlier in Table 3-A changes in some re-
spects when the extended sample is considered, but it also remains the same in other respects. 

Table 11-A reports these efficient portfolios for selected points along the efficient frontier.  It 
shows that, as was the case for the 1989 to 2009 sample, large stocks, long-term corporate 
bonds, intermediate-term bonds and money market assets are excluded from the efficient 
frontier.  We also observe that the weights of SV funds are markedly larger than for the port-
folios shown in Table 3-A. 

                                                 
29 An important factor in the degree of curvature of the efficient frontier is the correlation among asset classes.  
The correlation between small stocks returns and long-term government returns is −7.2% for the 1989 – 2009 
period and 6.6% for the period 1973 – 2009. 
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Table 11-A.  Optimal Weights for Mean-Variance Efficient Portfolios (Feb-73 to Dec-09)

Expected
Return

Standard 
Deviation

Large
Stocks

Small
Stocks

Long-Term 
Gov't Bonds

Long-Term 
Corp. Bonds

Intermediate 
Gov't/Credit

Money
Market

Stable
Value

0.58% 0.17% 0 0.1% 0 0 0 0 99.9%
0.61% 0.36% 0 5.1% 0.1% 0 0 0 94.8%
0.65% 0.65% 0 10.1% 0.4% 0 0 0 89.6%
0.68% 0.96% 0 15.0% 0.7% 0 0 0 84.3%
0.71% 1.27% 0 20.0% 1.0% 0 0 0 79.0%
0.75% 1.58% 0 25.0% 1.3% 0 0 0 73.7%
0.78% 1.90% 0 30.0% 1.6% 0 0 0 68.5%
0.81% 2.21% 0 35.0% 1.9% 0 0 0 63.2%
0.85% 2.52% 0 39.9% 2.2% 0 0 0 57.9%
0.88% 2.83% 0 44.9% 2.4% 0 0 0 52.6%
0.91% 3.15% 0 49.9% 2.7% 0 0 0 47.3%
0.95% 3.46% 0 54.9% 3.0% 0 0 0 42.1%
0.98% 3.77% 0 59.9% 3.3% 0 0 0 36.8%
1.01% 4.09% 0 64.9% 3.6% 0 0 0 31.5%
1.05% 4.40% 0 69.8% 3.9% 0 0 0 26.2%
1.08% 4.72% 0 74.8% 4.2% 0 0 0 21.0%
1.11% 5.03% 0 79.8% 4.5% 0 0 0 15.7%
1.15% 5.34% 0 84.8% 4.8% 0 0 0 10.4%
1.18% 5.66% 0 89.8% 5.1% 0 0 0 5.1%
1.21% 5.97% 0 94.8% 5.2% 0 0 0 0
1.25% 6.29% 0 100.0% 0 0 0 0 0

Note :  Weights may not add up to 100% across a given row due to rounding.

Asset Class

 

Another important difference with Table 3-A is that the weight of long-term government 
bonds is now much decreased across all efficient portfolios and the weight of small stocks is 
correspondingly increased. 

Table 11-B repeats the optimal portfolio analysis but where SV is not included as an avail-
able asset class.  We observe that money market instruments enter the optimal portfolios at 
various levels of portfolio risk, along with small stocks and long-term government bonds.  
However, unlike the results of the shorter period shown in Table 3-B, intermediate-term 
bonds and long-term corporate bonds no longer enter the optimal portfolios at any levels of 
portfolio risk.  We also observe that once again, large stocks never enter mean-variance-
efficient portfolios model when calibrations are based on the past 36 years of historical re-
turns and correlations.  Finally, in comparing the first two columns of Table 11-A with the 
corresponding columns in Table 11-B, we see that for most given expected returns in a port-
folio precluded from SV assets, the risk is higher than for the case when SV is included. 



30 

Table 11-B.  Optimal Weights for Mean-Variance Efficient Portfolios Excluding SV (Feb-73 to Dec-09)

Expected
Return

Standard 
Deviation

Large
Stocks

Small
Stocks

Long-Term 
Gov't Bonds

Long-Term 
Corp. Bonds

Intermediate 
Gov't/Credit

Money
Market

0.46% 0.28% 0 0.3% 0 0 0 99.8%
0.50% 0.42% 0 4.8% 2.3% 0 0 93.0%
0.54% 0.67% 0 9.2% 5.2% 0 0 85.6%
0.58% 0.95% 0 13.7% 8.1% 0 0 78.2%
0.62% 1.24% 0 18.1% 11.1% 0 0 70.8%
0.66% 1.53% 0 22.5% 14.0% 0 0 63.5%
0.70% 1.82% 0 27.0% 16.9% 0 0 56.1%
0.74% 2.12% 0 31.4% 19.9% 0 0 48.7%
0.78% 2.42% 0 35.8% 22.8% 0 0 41.4%
0.81% 2.71% 0 40.2% 25.7% 0 0 34.0%
0.85% 3.01% 0 44.7% 28.7% 0 0 26.7%
0.89% 3.31% 0 49.1% 31.6% 0 0 19.3%
0.93% 3.61% 0 53.6% 34.5% 0 0 11.9%
0.97% 3.90% 0 58.0% 37.4% 0 0 4.6%
1.01% 4.20% 0 63.1% 36.9% 0 0 0
1.05% 4.52% 0 69.2% 30.8% 0 0 0
1.09% 4.85% 0 75.4% 24.6% 0 0 0
1.13% 5.20% 0 81.5% 18.5% 0 0 0
1.17% 5.55% 0 87.7% 12.3% 0 0 0
1.21% 5.92% 0 93.8% 6.2% 0 0 0
1.25% 6.29% 0 100.0% 0 0 0 0

Note :  Weights may not add up to 100% across a given row due to rounding.

Asset Class

 

Comparable Sharpe and Sortino ratios are calculated for the extended sample and reported in 
Tables 12-A and 12-B below. 

We note that unlike the shorter period (1989-2009), during which the money market rate ex-
ceeded the SV rate during only approximately five percent of the 252 months, the extended 
period of 443 months contained 76 months (about seventeen percent of the sample) during 
which money market yields exceeded the SV rates.  It is therefore interesting to observe that 
extending the sample to include a period of significantly higher interest rates does not affect 
the relative performance of SV funds.30  Again, the Sharpe and Sortino ratios were spread 
across a relatively narrow range for the other asset classes, but the SV ratios soared far above 
the rest for both monthly and annual data, as shown in Tables 12-A and 12-B. 

                                                 
30 The shorter period featured the higher money market rates at the end of 2006 and beginning of 2007.  The 
extended period also featured many months during the late 1970s and early1980s when this happened. 
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Table 12-A.  Sharpe and Sortino Ratios  (Monthly Data, Feb-73 to Dec-09)

Large
Stocks

Small
Stocks

Long-Term
Gov't Bonds

Long-Term
Corp. Bonds

Intermediate 
Gov't/Credit

Stable
Value

Mean of Excess Returns 0.27% 0.79% 0.15% 0.14% 0.05% 0.12%

STDEV of Excess Returns 4.55% 6.30% 3.11% 2.84% 1.21% 0.21%

Target Semi-Deviation 3.23% 4.22% 2.09% 1.89% 0.83% 0.05%

Sharpe Ratio 0.060 0.125 0.048 0.048 0.045 0.563

Sortino Ratio 0.085 0.186 0.071 0.072 0.066 2.260

Note: The target rate for the Sortino ratio is the average Money Market fund rate.  Therefore, the numerator is the same in both ratios.  

 

Table 12-B.  Sharpe and Sortino Ratios  (Annual Data, 1974 to 2009)

Large
Stocks

Small
Stocks

Long-Term
Gov't Bonds

Long-Term
Corp. Bonds

Intermediate 
Gov't/Credit

Stable
Value

Mean of Excess Returns 4.49% 11.34% 2.07% 1.85% 0.79% 1.51%

STDEV of Excess Returns 18.15% 22.94% 12.28% 10.73% 4.87% 2.33%

Target Semi-Deviation 11.81% 10.95% 6.70% 5.39% 2.72% 0.66%

Sharpe Ratio 0.247 0.494 0.168 0.173 0.161 0.651

Sortino Ratio 0.380 1.036 0.309 0.343 0.290 2.289

Note: The target rate for the Sortino ratio is the average Money Market fund rate.  Therefore, the numerator is the same in both ratios.  

Turning to the issue of stochastic dominance, we find that SV no longer dominates money 
market investments by the first degree, as was the case for the 1989 to 2009 period.  This can 
be easily deduced from Table 10 above since the maximum money market return exceeds the 
maximum SV return, thereby precluding the possibility of SV exhibiting FSD over money 
market returns.  This lack of first-degree dominance is a consequence of the high interest 
rates observed in the late seventies and early eighties, compared to the smaller SV returns 
which behave like smoothed intermediate-term bond yields.  However, over the extended pe-
riod SV returns continue to exhibit second-, third-, and fourth-degree stochastic dominance 
over money market funds, as well as over intermediate-term government/credit bonds. 

It is also interesting to note that the distribution of SV returns almost dominates the dis-
tribution of long-term corporate bond returns by the second and higher degrees and is only 
prevented of doing so by the largest four monthly long-term corporate bond returns in a set of 
443 monthly returns.  Table 10 illustrates this result since we observe that the average returns 
of these two series are very similar while the standard deviation of SV returns (0.17%) is 
much smaller than that of long-term corporate bonds (2.86%). 

The analysis in this section shows that the relatively good performance of SV investments is 
robust (one is tempted to say stable) to the sample period considered in the sense that the ex-
tended period we use includes extreme interest rate movements as well as extreme stock re-
turn fluctuations. 
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8.  The Value Proposition, Challenges and Future Prospects 

The positive evidence thus far, which covers the entire period of existence for traditional and 
synthetic forms of stable value funds, is intriguing and raises two questions: (1) What has 
been the value proposition that allowed these returns to be achieved? and (2) Should we ex-
pect this kind of performance over the future? 

The value proposition31 appears to have two facets.  “On the asset side, some of the return 
above money market yields comes from investing at durations sufficient to capture the term 
premium that has been traditionally available in most markets.  The funds also are able to 
take on a very small amount of credit and convexity risk and thereby gain some additional 
spread.”  They also sometimes invest in less liquid securities and occasionally GICs, which 
provide higher spreads than the most liquid assets.  The first two of these factors help explain 
why SV returns have generally outpaced money market yields, but do not explain why they 
also have outpaced intermediate-term government/credit returns.  For that we must turn to the 
liability side of fund management.   

On the liability side, the contribution to performance derives from behavioral finance factors.  
Stable value funds have contingent liquidity that FASB and GASB define as “benefit respon-
sive.”32  From the point of view of participants, SV has the same liquidity as money market 
funds.  Banks, insurers or other financial institutions that issue the investment contracts take 
on the transfer/liquidity risk as well as the investment/market risk that everyone will not 
withdraw at the same time, since the underlying portfolio has to be less than contract value to 
cause the investment contract to make up the difference between market and contract value. 

 “Stable value providers mitigate their risk largely by being astute at predicting and un-
derwriting participant behavior.  Providers know that people tend to use less liquidity than 
they think they need.  They know that the vast majority of participants, because of tax penal-
ties, equity wash requirements that inhibit interest rate arbitrage, and simple investor inertia, 
tend to leave their money in stable value options for a fairly long time.  Providers are willing, 
therefore, to guarantee a fixed rate for a traditional GIC or a minimum zero percent crediting 
rate each quarter for a synthetic GIC.  Defined contribution participants want mostly princi-

                                                 
31 This section benefitted from our discussions with industry experts listed in the initial footnote. 
32 “Benefit responsiveness” means that plan participants transact at book value (principal plus accrued interest), 
and is provided through one or more different types of investment contracts.  Benefit responsiveness criteria are 
established by the Financial Accounting Standards Board (FASB) in FSP AAG INV-a and all five requirements 
must be met.  The requirements are: (1) the investment contract is directly between the fund and the issuer and 
prohibits the fund from assigning or selling the contract or its proceeds to another party without the consent of 
the issuer; (2) repayment of principal and interest credited to participants in the fund is a financial obligation of 
the issuer or the contract is a synthetic GIC guaranteed by a financially responsible third party (if realization of 
full contract value for a particular investment contract is not or no longer probable, the investment contract is 
not considered fully benefit-responsive); (3) the terms of the investment contract require all permitted partici-
pant-initiated transactions, such as withdrawals for benefits, loans, or transfers to other funds within the plan, 
with the fund to occur at contract value with no conditions, limits, or restrictions; (4) it is not probable that an 
event will occur that limits the ability of the fund to transact at contract value with the issuer; and (5) the fund 
has to allow participants reasonable access to their funds. 
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pal stability and do not need daily liquidity for all balances.”  This allows the wrap providers 
to offer their guaranties at a lower price than otherwise would be the case.  Any disinterme-
diation that has occurred prior to the recent financial crisis has been occasioned by a run-up 
in equity prices, and not associated with a rising interest rate environment.  This means that 
the wrap providers historically have not suffered massive withdrawals when costly interest 
rate arbitrage typically occurs.  Because defined contribution participants tend to care more 
about principal stability than daily liquidity for all balances, this allows fund managers to 
take advantage of the steepness of the yield curve and seek credit and liquidity spreads.  By 
contrast, money market funds must provide both principal stability and a lot more liquidity, 
which participants pay for in the form of a lower return. 

To be able to maintain the attractiveness of their funds, SV fund managers will need to con-
tinue facing yield curves that generally have positive steepness. High quality assets that offer 
attractive yields due to lower liquidity, negative convexity (which does little harm to stable 
yields), and adequate credit spreads must continue to be available at suitable prices. Further-
more, for SV funds to seek such yields will require that they be offered only through vehicles 
such as defined contribution programs which cater to investors willing to be patient, while 
eschewing day traders and interest arbitragers.  Stable value funds would probably not sur-
vive outside of that kind of protected environment.  (We note that hedge funds often provide 
a different kind of “stickiness” with respect to exit and cash-out provisions.)  In the past sta-
ble value has incorporated relatively low management fees into its funds (averaging 60% of 
the fees charged by the average bond fund), which have included a low wrap cost of around 
4-8 b.p.  Recently that wrap fee reached levels as high as 12-20 b.p., creating upward pres-
sure on total fees subtracted from the returns offered to investors.  However, as additional 
wrap providers entered and reentered the market, these fees have fallen.  In any case, aggre-
gate fees have remained low and this has contributed to SV’s continuing good performance.  

Since their inception in 1973, SV funds have undergone several severe tests.  They survived 
the market fallout from the OPEC cartels, the severe stock market declines of 1973-4, 2000-
2002, the stock market crash of 1987, the interest rate spikes of the early 80’s, the liquidity 
and credit spread crisis of the late 90s, the plummeting interest rates of the 21st century, eco-
nomic booms and deep recessions, the terrorist challenges to financial markets in 2001, and 
countless other daunting circumstances.  With very few exceptions,33 they appear to have 
weathered the recent financial crisis of 2007-8, even while the number of wrap providers 
dwindled briefly from 25 to less than a dozen, precipitating steep increases in wrap fees 
among those remaining.  By 2010 the number of wrap providers has increased again, includ-

                                                 
33 The most notable exception of which we are aware was linked to the sudden Lehman Brothers bankruptcy.  
This resulted in a small monthly decline in fund value of 1.7% in December, albeit an overall positive return 
over the year of 2%.  In another instance, a fund manager (State Street) infused an additional $610 million into 
its SV fund to offset some investment losses that it felt should not accrue to plan participants.  One supplemen-
tal savings fund associated with Chrysler was not subject to the Employee Retirement Income Security Act 
(ERISA), and the protective umbrella from creditors that it affords.  Therefore, Chrysler liquidated the fund and 
realized the loss for participants in advance of any potential claim by other creditors.  There have been other 
funds that experienced severe stress, yet they weathered the worst part of the storm and have managed their 
market-to-book asset ratios back into the traditional ranges.  Of course, there is always the peril that just be-
cause an investment fund has “stable value” in its name or otherwise masquerades as such, it may not conform 
to the essential indicia of a stable value fund.  For example, http://www.sec.gov/litigation/complaints/2009/comp21010.pdf 
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ing some new entrants.  At the end of 2009, their average market value of assets was 101% of 
the book value of assets, although the ratio had dipped to as low as 95% during the height of 
the crisis.  As of June 30, 2010, SVIA members reported average market value ratios of 
102.94%, and SV average yields were in excess of 3% per annum, while intermediate-term 
government bond yields were at less than half of that level, at 1.4%, 6-month bank CD’s av-
eraged 0.3% and money market rates continued to hover near zero. 

Five factors have fostered the sort of disciplined investment behavior that has helped SV 
funds to ride out the recent crisis, as well as previous challenging market conditions over the 
past 36 years. 

1) FASB’s accounting standard, which grants contract value accounting protocol to SV 
funds rather than mark-to-market accounting, requires the overall portfolio to be of 
overall very high credit quality.  If it is not, a fund cannot use contract value account-
ing. 

2) SV fund investment guidelines set the overall direction of the portfolio and usually 
have stringent quality standards, limits in allocations to specific asset classes, and du-
ration limits.  Since SV is a conservative investment, the guidelines reflect this.  The 
key principles of the Stable Value Investment Association reinforce the plan rules. 

3) Wrap providers require specific asset credit quality standards in order to obtain their 
wrap.  They also have set a limit that is generally between one and five percent for a 
credit bucket in which any ‘troubled’ assets are put.  The SV fund manager usually 
has a set time period to rehabilitate the assets in the credit bucket.  If the manager vio-
lates the terms of the wrap contract, the wrap is potentially void. 

4) In the event that a wrap provider exits the business, other wrap providers have his-
torically divided up the vacant share.  For example, a typical structure had six wrap 
providers each underwriting 16.5% of the coverage.  If one provider exited the busi-
ness, the other five had contractually agreed to increase their coverage such that each 
provider would cover 20%.  Today this arrangement is disappearing and the step-up 
provision is typically for only 90 days.  If an existing wrap provider exits the busi-
ness, the exit could transpire over (typically) a 3 ½ year time frame, and if another 
provider is not found, the funds associated with that segment would go into cash, 
lowering the overall fund yields but maintaining their character as SV assets. 

5) The Stable Value Investment Association’s membership reports no use of leverage 
through mid-2010.  None of their annual surveys have reported the use of any lever-
age.  Even if the plan investment guidelines permitted leverage, it is doubtful that a 
wrap provider would ever allow it and to date none have undertaken it.  In light of the 
recent financial crisis, which is precipitated and exacerbated, in part, by high lever-
age, SV funds are in a relatively advantageous position. 

As long as these stringent standards are adhered to by fund managers, and individual plans 
are well designed, we do not anticipate a systemic failure to occur. 

Stable value (SV) funds have been in the news in connection with recent financial market 
reform initiatives.  There was concern over language in the original bills, which defined a 
swap/derivative so broadly that it could have swept in some stable value wraps and classified 
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them as swaps.  These investment contracts are critical to certain SV funds, yet their treat-
ment as swaps would impose various roadblocks to their future usage.  The finalized Act di-
rected that within 15 months of enactment, the Commodity Futures Trading Commission and 
the Securities Exchange Commission, in consultation with the Department of Labor, Treas-
ury, and applicable state entities conduct a study to determine whether stable value wraps fall 
within the definition of swaps.  If they are deemed swaps, then it will be determined whether 
an exemption for stable value funds is warranted.  Providers of SV investment contracts have 
indicated that if the wraps are classified as swaps, and an exemption from the law is not 
granted, they will have sufficient difficulty imposed upon them that some wraps and certain 
forms of funds may be discontinued, although currently existing funds will be grandfathered 
at the end of the carve-out period.  The stakes are high, as SV funds have been among the 
most popular of all defined contribution plan asset classes. 

As President Barack Obama signed the “Dodd-Frank Wall Street Reform and Consumer Pro-
tection Act” (H.R. 4173) into law on July 21, 2010, we would expect the indicated study on 
the classification of SV funds to occur late in 2011 and the associated regulatory decision to 
be taken shortly thereafter. 

9.  Concluding Remarks 

In this paper we use mean-variance (including Sharpe and Sortino ratios), stochastic domi-
nance and intertemporal optimization analyses to explore the performance of SV funds vis-à-
vis U.S. large and small cap stocks, long-term government and corporate bonds, intermedi-
ate-term government/credit bonds and money market funds, during the period February 1973 
through December 2009.  Despite the different focus of the three methodologies used, the 
results we obtain under each analysis reinforce each other in the sense that SV funds outper-
form some of the alternative investments we consider in one or more dimensions. 

In the mean-variance sense, including SV funds in efficient portfolios considerably increases 
expected net return, and SV even predominates over long-term bonds, for levels of risk in the 
lower two-thirds of the observed monthly return volatility range.  In general, if the historical 
returns and volatility can serve as proxies for future expectations, efficient portfolios would 
not include large stocks, long-term corporate bonds, intermediate-term government/credit 
bonds or money market investments.  Rather, efficient portfolios would be mostly comprised 
of long-term government bonds, small stocks, and SV in proportions that depend on risk tol-
erance. 

Stochastic dominance (SD) analysis provides preference orderings among competing in-
vestment alternatives for all investors within a certain class of utility functions.  The strength 
of SD analysis resides in the minimal requirements imposed on preferences but at the same 
time this may result in an inability to rank alternative investments that could be easily ranked 
according to more restrictive approaches such as mean-variance.  It is therefore quite remark-
able to have found that SV investments stochastically dominate money market funds by the 
first and higher order degrees.  They also dominate intermediate-term government/credit 
funds by the second-order and higher degrees, including dominance for the important class of 
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investors characterized by DARA preferences.  No other asset class was found to dominate 
SV funds.34 

Intertemporal optimization methods allow us to use the full joint empirical return distribution 
of alternative investments in order to determine optimal wealth allocations that depend on the 
risk aversion parameter of the investor.  This analysis concludes that, for moderately and 
highly risk-averse investors, SV funds are, under reasonable yield curve assumptions, a ma-
jor component of an optimal portfolio, to the exclusion of money market funds and the near 
exclusion of intermediate-term bonds. 

                                                 
34 In an earlier version of this study, http://papers.ssrn.com/sol3/papers.cfm?abstract_id=1465755, we found that 
long-term government bonds stochastically dominated, in the second and higher degrees, large stocks over the 
period January, 1989 – December, 2008. This very interesting result was largely due to poor stock performance 
during the crash of 2007 – 2008.  Relatively high large stock returns during 2009 have made this dominance 
disappear for the period 1989 – 2009. 



37 

References 

Arditti, Fred  “Risk and the Required Return on Equity.”  Journal of Finance 22:1, 19-36 (March 1967). 

Babbel, David F. and Miguel Herce  “Stable Value Funds: Performance from 1973 through 2008.”  Working 
paper, Wharton Financial Institutions Center (September 2009). 

Babbel, David F. and Miguel Herce  “A Closer Look at Stable Value Funds Performance.”  Working paper, 
Wharton Financial Institutions Center (September 2007). 

Bogle, John C.  “The Relentless Rules of Humble Arithmetic.”  Financial Analysts Journal 61:6, 22-35 (No-
vember/December 2005). 

Cvitanić, Jakša, Vassilis Polimenis, and Fernando Zapatero  “Optimal Portfolio Allocation with Higher Mo-
ments.”  Annals of Finance 4:1, 1-28 (January 2008). 

Dear, Roger and Zvi Drezner  “On the Significance Level of the Multirelation Coefficient.”  Journal of Applied 
Mathematics & Decision Sciences 1:2, 119-130 (1997). 

Dichev, Ilia D.  “What Are Stock Investors’ Actual Historical Returns? Evidence from Dollar-Weighted Re-
turns.”  American Economic Review 97:1, 386-401 (March 2007). 

Donahue, Paul J.  “What AICPA SOP 94-4 Hath Wrought: The Demand Characteristics, Accounting Foun-
dation and Management of Stable Value Funds.”  Benefits Quarterly 16:1 (1st Quarter 2000). 

Douglas, G. W.  “Risk in the Equity Markets: An Empirical Appraisal of Market Efficiency.”  Yale Economic 
Essays 9, 3-45 (1969).   

Drezner, Zvi  “Multirelation — A Correlation among More Than Two Variables.”  Computational Statistics & 
Data Analysis 19:3, 283-292 (Fall 1995). 

Elton, Edwin J., Martin J. Gruber and Christopher R. Blake  “Participant Reaction and the Performance of 
Funds Offered by 401(k) Plans.”  Journal of Financial Intermediation 16:2, 249-271. 

Fabozzi, Frank J., ed.  The Handbook of Stable Value Investments.  Frank J. Fabozzi Associates, New Hope, 
Pennsylvania (1998). 

FASB  “Reporting of Fully Benefit-Responsive Investment Contracts Held by Certain Investment Companies 
Subject to the AICPA Investment Company Guide and Defined Contribution Health and Welfare and Pension 
Plans.”  FSP AAG INV-1 and SOP 94-4-1 (December 2005). 

Fernandez, P. and J. del Campo  “Market Risk Premium Used in 2010 by Analysts and Companies: A Survey 
with 2,400 Answers.”  University of Navarra - IESE Business School Working Paper (May 21, 2010) 
http://ssrn.com/abstract=1609563 

Grauer, Robert R. and Nils H. Hakansson  “Higher Return, Lower Risk: Historical Returns on Long-Run, Ac-
tively Managed Portfolios of Stocks, Bonds and Bills, 1936-1978.”  Financial Analysts Journal 38:2, 39-53 
(March/April 1982). 

Grauer, Robert R. and Nils H. Hakansson  “Returns on Levered, Actively Managed Long-Run Portfolios of 
Stocks, Bonds and Bills, 1934-1983.”  Financial Analysts Journal 41:5, 24-43 (September/October 1985). 

Grauer, Robert R. and Nils H. Hakansson  “A Half Century of Returns on Levered and Unlevered Portfolio of 
Stocks, Bonds, and Bills, with and without Small Stocks.”  Journal of Business 59:2, 287-318 (April 1986). 

Grauer, Robert R. and Nils H. Hakansson  “Gains from International Diversification: 1968-85 Returns on Port-
folios of Stocks and Bonds.”  Journal of Finance 42:3, 721-739 (July 1987). 

Grauer, Robert R. and Nils H. Hakansson  “On the Use of Mean-Variance and Quadratic Approximations in 
Implementing Dynamic Investment Strategies: a Comparison of Returns and Investment Policies.”  Manage-
ment Science 39:7, 856-871 (July 1993). 

Grauer, Robert R. and Nils H. Hakansson  “Gains From Diversifying Into Real Estate: Three Decades of Portfo-
lio Returns Based on the Dynamic Investment Model.”  Real Estate Economics 23:2, 117-159 (Summer 1995). 



38 

Hadar, J. and W. R. Russell  “Rules for Ordering Uncertain Prospects.”  American Economic Review 59, 25-34 
(1969). 

Hanoch, G. and Haim Levy  “The Efficiency Analysis of Choices Involving Risk.”  Review of Economic Studies 
36:2, 335-346 (April 1969) 

Hakansson, Nils  “On Optimal Myopic Portfolio Policies, With and Without Serial Correlation of Yields.”  
Journal of Business 44:3, 324-334 (July 1971). 

Hakansson, Nils  “Convergence to Isoelastic Utility and Policy in Multiperiod Portfolio Choice.”  Journal of 
Financial Economics 1:3, 201-224 (September 1974). 

Huberman, Gur and Stephen Ross  “Portfolio Turnpike Theorems, Risk Aversion and Regularly Varying Utility 
Functions.”  Econometrica 51:3, 1104-1119 (September 1983). 

Jacquier, Eric, Alex Kane, and Alan J. Marcus  “Optimal Estimation of the Risk Premium for the Long Run and 
Asset Allocation: A Case of Compounded Estimation Risk.”  Journal of Financial Econometrics 3:1, 37-55 
(Winter 2005). 

Leland, Hayne  “On Turnpike Portfolios.”  In Mathematical Methods in Investment and Finance, Karl Shell, G. 
P. Szego, eds., Amsterdam, North-Holland, 1972. 

Levy, Haim  Stochastic Dominance: Investment Decision Making Under Uncertainty, 2nd Ed.  Springer, 2006. 

Malloy, Christopher J., Tobias J. Moskowitz and Annette Vissing-Jørgensen  “Long-Run Stockholder Con-
sumption Risk and Asset Returns.”  Journal of Finance 64:6 (December 2009). 

Markowitz, Harry M.  Mean-Variance Analysis in Portfolio Choice and Capital Markets, Oxford UK: Basil 
Blackwell, 1987. 

Merton, Robert C.  “On Estimating the Expected Return on the Market: An Exploratory Investigation.”  Journal 
of Financial Economics 8:4, 323-361 (December1980). 

MetLife, MetLife Stable Value Study: A Survey of Plan Sponsors and Stable Value Fund Providers. (April 
2010)  http://www.metlife.com/assets/institutional/services/cbf/retirement/MetLife-Stable-Value-Study.pdf 

Mossin, Jan  “Optimal Multiperiod Portfolio Policies.”   Journal of Business 41:2, 215-229 (April 1968). 

Paradis, Victoria M.  “Challenges of Measuring Performance for Stable Value Funds.”  Journal of Performance 
Measurement 5:3 (Spring 2001). 

Pedersen, Christian and Stephen Satchell  “On the Foundation of Performance Measures under Asymmetric 
Returns.”  Quantitative Finance 2:3, 217-223 (June 2002). 

Polimenis, Vassilis  “Skewness Correction for Asset Pricing.”  Working Paper, Anderson Graduate School of 
Management, University of California, Riverside (April 2006). 

Redding, Lee S.  “The G Fund: Portfolio Effects of a Dominant Asset.”  Journal of Pension Economics and 
Finance 8:2, 225-238 (April 2009). 
 
Ross, Stephen  “Portfolio Turnpike Theorems for Constant Policies.”  Journal of Financial Economics 1:2, 171-
198 (July 1974). 

Ryan, Ronald J.  “GIC Indices and Their Risk/Return Behavior.”  The Handbook of Stable Value Investments 
11-16 (1998).   

Sharpe, W.F.  “The Sharpe Ratio.”  Journal of Portfolio Management, 21:1, 49-58 (Fall 1994). 

Siegel, Jeremy J.  “Perspectives on the Equity Risk Premium.”  Financial Analysts Journal 61:6, 61-73 (No-
vember/December 2005). 

Sortino, F., Van der Meer, R.  “Downside Risk.”  Journal of Portfolio Management, 17:4, 27-31 (Summer 
1991). 

Sortino, F. and L. Price  “Performance Measurement in a Downside Risk Framework.”  Journal of Investing, 
3:2: 59-65 (1994). 



39 

Stable Value Investment Association (SVIA)  “Response to FASB December 9, 2004 Questions Regarding 
Commingled Stable Value Funds.”  (January 7, 2005). 

Tang, Ning, Mitchell, Olivia S., Mottola, Gary R. and Utkus, Stephen P., “The Efficiency of Sponsor and Par-
ticipant Portfolio Choices in 401(K) Plans.”  NBER Working Paper No. w15317 (September 2009). 

Tobe, Christopher B.  “The Consultant’s Guide to Stable Value.”  Journal of Investment Consulting 7:1 (Sum-
mer 2004). 

Welch, Ivo  “Views of Financial Economists On The Equity Premium And Other Issues.”  Journal of Business 
73:4, 501-537 (October 2000), with 2009 update. 



40 

Appendix A.  An Alternative Stochastic Dominance Algorithm 

In this appendix we present a recursive algorithm that can be easily applied to test stochastic 
dominance of an arbitrary degree (up to fourth degree in most practical applications). 

The theory and practice of stochastic dominance (SD) is discussed in great detail in Levy 
(2006).  In Chapter 5, Levy describes algorithms used to test for first, second, and third de-
gree stochastic dominance (FSD, SSD and TSD, respectively).  The inputs for these algo-
rithms are the sorted realized rates of return, for the period of interest, of the assets for which 
SD is to be tested.  For a given asset, the sorted rates of return can be used to construct an 
empirical cumulative distribution function (CDF), assuming that each return has a probability 
1 ÷ n of occurring, where n is the number of observations and where repeated returns have 
probability h ÷ n, and h is the number of repeated values. 

Levy (2006) presents separate algorithms for FSD, SSD and TSD.  The algorithms for FSD 
and SSD are based on pairwise comparison of sorted returns and cumulative sorted returns, 
respectively, for the two asset classes being checked. 

For FSD, this approach amounts to computing the difference of the empirical CDFs of the 
two asset classes for each point i÷n, with i = 1, 2, …, n.  For SSD, the approach amounts to 
computing the integral of the CDFs difference, again for each point i ÷ n, with i = 1, 2, …, n.  
Note that the difference calculation for FSD and the integral of these differences for SSD are 
in effect calculated over the y-axis.  Because of the linear functions involved, this approach 
yields the same test results as if the calculations had been done over the horizontal axis. 

In the case of third or higher degree SD, however, this equivalence no longer holds, since the 
integrals now become non-linear functions of the values in the respective axis and, further-
more, using the same approach as in the FSD or SSD algorithms may lead to wrong conclu-
sions.  For this reason, Levy (2006, Section 5.4) presents algorithms for FSD, SSD and TSD 
based on integrals of the CDFs of the two asset classes.  However, since the set of realized 
returns is different for each investment, these algorithms first have to be applied separately to 
the individual CDF of each investment and then combined in order to compare the resulting 
integrals at each point of interest. 

We use an alternative approach that allows the derivation of a simple, unified and recursive 
algorithm, directly applied to the difference between the CDFs of the two asset classes being 
compared and having the same structure, independent of the degree of stochastic dominance 
for which one wants to test. 

Our algorithm can be derived by (1) considering the union of realized returns for both asset 
classes over the period of interest as the set of all possible values under the distribution of a 
given asset class and (2) assigning zero probability to those return values that are not realiza-
tions of that asset class.  For realized values, the empirical probability of a return value is 
taken to be the relative frequency with which that value is observed, i.e. h ÷ n for values that 
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are repeated h times in a sample of n observations.  We let m denote the number of unique 
realized returns across both asset classes.35 

Table A-1 illustrates how hypothetical realized return data on two investments, F and G, ob-
served over 20 periods are used to construct the set of unique realized returns and their em-
pirical probability density functions, f(r) and g(r). 

The first panel of Table A-1 shows the sorted hypothetical returns for the two investments.  
The second panel shows their empirical probability density functions (pdf).  For instance, a 
−4% return has frequency 0.20 for the first asset and 0 for the second. 

Figure A-1 plots the empirical cumulative distribution functions (CDF) of the two in-
vestments. 

Table A-1.   Distribution of Returns for Two Asset Classes

Obs. F G Return f(r) g(r)
1 -8.5% -10.0% -10.0% 0 0.05
2 -7.0% -9.0% -9.0% 0 0.05
3 -4.8% -7.7% -8.5% 0.05 0
4 -4.0% -6.0% -7.7% 0 0.05
5 -4.0% -3.0% -7.0% 0.05 0
6 -4.0% -1.0% -6.0% 0 0.05
7 -4.0% -1.0% -4.8% 0.05 0
8 -2.0% 0.4% -4.0% 0.20 0
9 0.4% 1.7% -3.0% 0 0.05
10 0.4% 2.8% -2.0% 0.05 0
11 0.4% 2.8% -1.0% 0 0.10
12 1.7% 2.8% 0.4% 0.15 0.05
13 5.5% 2.8% 1.7% 0.05 0.05
14 5.5% 4.0% 2.8% 0 0.20
15 7.5% 4.0% 4.0% 0 0.15
16 7.5% 4.0% 4.6% 0 0.20
17 8.8% 4.6% 5.5% 0.10 0
18 8.8% 4.6% 7.5% 0.10 0
19 10.0% 4.6% 8.8% 0.10 0
20 10.0% 4.6% 10.0% 0.10 0

Panel 1 Panel 2

Sorted Returns Empirical pdf of Union of Returns

 

                                                 
35 For a large sample of realized returns, m will generally be greater than the sample size n, but there is no theo-
retical reason why this should be the case. 



42 

0.0

0.1

0.2

0.3

0.4

0.5

0.6

0.7

0.8

0.9

1.0

1.1

-1
5.0

%

-1
2.5

%

-1
0.0

%
-7

.5%
-5

.0%
-2

.5% 0.0
%

2.5
%

5.0
%

7.5
%

10
.0%

12
.5%

15
.0%

F
G

F(r), G(r)

Return

Figure A-1.  Empirical CDFs of Two Asset Classes

 

Visual inspection of Figure A-1 reveals that no return distribution exhibits FSD over the 
other since the vertical distance G(r) − F(r) changes sign for different values of r.  More pre-
cisely, define 
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for all r, with at least one strict inequality. 

The arrangement of the observed returns for investments F and G illustrated in Table A-1 
allows us to calculate the integrals in (A2a) and (A2b) directly from the data.  Specifically, 
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This expression can be easily evaluated at the observed return values r1,  r2,  ,  rm.  In gen-
eral, and corresponding exactly to the theoretical conditions in (A2a) and (A2b), it can be 
shown that  
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Note that the expression given in (A4) allows us to recursively calculate the test integrals for 
any desired degree of stochastic dominance at points on interest, once the CDF difference in 
(A1), based on the union of unique realized returns for the two asset classes of interest, is ob-
tained.  The conditions in (A2a) and (A2b) can then be checked in order to determine sto-
chastic dominance. 

A conclusive determination of third- and higher-degree SD, however, cannot be based on 
checking conditions (A2a) and (A2b) at the observed return points alone.  The reason is that 
the integrals I3(r), I4(r), … are non-linear functions of r within a given interval [ri1, ri).  We 
next discuss the additional conditions for interior points in the context of our example. 

Table A-2 shows the results of the dominance tests (up to fourth degree) applied to the hypo-
thetical return data of Table A-1. 

Table A-2.   Stochastic Dominance Tests

FSD SSD TSD 4SD
Return f(r) g(r) F(r) G(r) I 1 I 2 I 3 I 4

-10.0% 0.05 0.00 0.05 0.050 0.0000 0.00000 0.000000
-9.0% 0.05 0.00 0.10 0.100 0.0005 0.00000 0.000000
-8.5% 0.05 0.05 0.10 0.050 0.0010 0.00001 0.000000
-7.7% 0.05 0.05 0.15 0.100 0.0014 0.00002 0.000000
-7.0% 0.05 0.10 0.15 0.050 0.0021 0.00003 0.000000
-6.0% 0.05 0.10 0.20 0.100 0.0026 0.00005 0.000001
-4.8% 0.05 0.15 0.20 0.050 0.0038 0.00009 0.000001
-4.0% 0.20 0.35 0.20 -0.150 0.0042 0.00012 0.000002
-3.0% 0.05 0.35 0.25 -0.100 0.0027 0.00016 0.000004
-2.0% 0.05 0.40 0.25 -0.150 0.0017 0.00018 0.000005
-1.0% 0.10 0.40 0.35 -0.050 0.0002 0.00019 0.000007
0.4% 0.15 0.05 0.55 0.40 -0.150 -0.0005 0.00019 0.000010
1.7% 0.05 0.05 0.60 0.45 -0.150 -0.0025 0.00017 0.000012
2.8% 0.20 0.60 0.65 0.050 -0.0041 0.00013 0.000014
4.0% 0.15 0.60 0.80 0.200 -0.0035 0.00009 0.000015
4.6% 0.20 0.60 1.00 0.400 -0.0023 0.00007 0.000016
5.5% 0.10 0.70 1.00 0.300 0.0013 0.00006 0.000016
7.5% 0.10 0.80 1.00 0.200 0.0073 0.00015 0.000018
8.8% 0.10 0.90 1.00 0.100 0.0099 0.00026 0.000021
10.0% 0.10 1.00 1.00 0.000 0.0111 0.00039 0.000025

pdf CDF

 

Table A-2 shows that I1(r) (defined here as G − F) changes sign and so no distribution sto-
chastically dominates the other in the first-degree sense.  Similarly, I2(r) alternates sign, 
which means that neither F SSD G nor G SSD F. 
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By contrast, we see that I3(r) is positive for all relevant points and I2(10.0%) > 0.  This allows 
us to conclude that F TSD G.  Figure A-2 plots the function I3(r) for the relevant range of 
observed returns in the example of Table A-1. 
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Figure A-2.  Third Degree Stochastic Dominance Test 

 

As mentioned above, since the I3(r) function is non-linear between any two contiguous ob-
served return points, one should also check interior points other than the observed returns in 
Table A-2.  As Levy (2006) points out, this needs only be checked at interior points between 
two observed return points for which I3(r) turns from a decreasing function to an increasing 
function or, equivalently, when I2(r), which is the first derivative of I3(r), changes from nega-
tive to positive (between 4.6% and 5.5%, as shown in Table A-2). 

With no loss of generality, let the two contiguous observed return points for which I3(r) turns 
from a decreasing function to an increasing function be ri1 and ri and note that the function 
I3(r) is a second degree polynomial over [ri1, ri): 

 2
11 )()(   ii rrrry   (A5) 
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For our example, this value is rmin = 5.175% with I3(rmin) = 0.000061.  The positive value of 
I3(rmin), together with the information from Table A-2, leads to the conclusion that F TSD G.  
From this result, it follows as a corollary that F also dominates G stochastically for any de-
gree higher than third.36 

                                                 
36 Levy (2006) has a discussion on how existing TSD algorithms fail to check for interior points, but errors crept 
in apparently during the editorial process such that his example in Section 5.5, pp. 189 and 190, appears to be 
flawed. First, there seems to be missing data for an additional period in Levy’s table on p. 189. This missing 
period needs to have observed returns of 10% for distribution F and 5% for distribution G in order to be able to 
exactly match the figures reported by Levy on p. 189. But even when this is taken care of, and Levy’s calcula-
tions are reproduced, it is the case that the interior point he correctly identifies, at a return of 25%, gives a theo-
retical minimum value for I3(25%) of exactly zero. What Levy considers a negative minimum value of 3.3x10-

7 (incorrectly reported as positive 3.3x10-7 in Levy, p. 189) is simply due to rounding error and so his conclu-
sion that “… F does not dominate G by the TSD …” is not valid. Indeed, for Levy’s example, straightforward 
application of the compact formulae and interior points check developed in this paper would conclude that F 
dominates G by the TSD. 



46 

 



47 

 



48 

 



49 

 



50 

 



51 

 


